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The mathematical properties of the exact solution of the hard-hexagon lattice gas
model are investigated by using the Klein—Fricke theory of modular functions. In
particular, it is shown that the order-parameter R and the reciprocal activity z” for
the model can be expressed in terms of hauptmoduls that are associated with certain
congruence subgroups of the full modular group I'. Known modular equations are
then used to prove that R(z" ) is an algebraic function of z’. A connection is established
between the singular points of this function and the geometrical properties of the
icosahedron. Various algebraic and hypergeometric closed-form expressions are also
derived for the order-parameter R(z’) in terms of the fundamental modular invariant
J. Next the simple relation

ES = (2)[1—117— ()} R, (0<z2 <Z)

is derived, where Z, is the grand partition function per site and z, = (54/5—11)
denotes the critical value of z’. This important result forms the basis for a detailed
analysis of the properties of the mean density p(z’) and the isothermal compressibility
kp(2’) in the ordered region. It is shown that the mean density p(z’) is a solution of
the algebraic equation

3[1—112'—(2')%] p*—[1— 662" —11(2)?] p*— 152" (8 + 2') p*
+32/(4+32) p—2/(14+22') = 0.

From this relation we obtain the following simple closed-form expressions for the
inverse function z’(p) and the isothermal compressibility «4(p):

Z/(p) = —3(2—3p) 7 (1—p)°[(1— 12p +45p® — 66p° + 33p*)
+(—1+45p—5pt)i(—1+9p—9p)H],
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ON THE HARD-HEXAGON MODEL 645
and .
1 .
ks Tprn(p) = 355 [(1=2p) (—1 +9p—9p" ) (—145p—5p*)F— (= 14+9p—9p%)],

where p, < p <3, and p, = {5(6—+/5). The formula for «;(p) is used to write the
equation of state of the lattice gas

pac/ke T=InEZ (p) = I’ (p)

in terms of a certain pseudo-elliptic integral, which is evaluated exactly to give a
further closed-form expression for I, (p). (The quantity g, is the area of a unit cell in
the lattice.) Finally, the properties of the hard-hexagon model in the disordered
region 0 < p < p, are studied with further modular equations derived by Hermite,
and Klein and Fricke. This work leads to a closed-form expression for the generating
function of the irreducible cluster sums £,/ = 1,2,3,..., and an asymptotic formula
for the virial coefficients B, as [+ 00. It is also proved that the radius of convergence
p, of the virial series for the pressure p is'given by

Pe = 5/ 5[(44/10—54/545) — /10(44/10—5+/5—4+/2+ 7).
A striking feature of this result is that p, is less than the critical density

1. INTRODUCTION

Various lattice gas models have been studied to gain insight into the melting transition and the
phase transitions that occur in the mathematically intractable continuum systems of hard
spheres and discs. (For a general review of lattice gas models, see Runnels 1972.) In this paper
we shall be concerned with a lattice gas model in which the particles are restricted to lie on the
sites of a two-dimensional triangular lattice with a lattice spacing a (Gaunt & Fisher 1965;
Runnels & Combs 1966; Gaunt 1967). The interaction potential between two particles with
lattice site positions 7, and r, is assumed to be equal to + o0 for 0 < |r,—r,| < g, and zero
otherwise. Thus the model forbids the multiple occupancy of lattice sites, and also does not
allow the simultaneous occupation of nearest-neighbour sites. If each particle is surrounded by
a regular hexagon that covers the six adjacent nearest-neighbour faces in the lattice we see that
each configuration of particles on the lattice can be associated with a set of non-overlapping
‘hard’ hexagons. :

For a lattice of N sites, the grand partition function for the hard-hexagon model is (Gaunt
& Fisher 1965; Gaunt 1967) N . :

E(N,z) = 3 g(n,N)z", (1.1)
n=0

where g(n, N) is the number of allowed ways of placing n particles on the lattice, z is the activity
of the lattice gas and [LN] is the largest integer that is less than or equal to $N. To determine
the thermodynamic properties of the hard-hexagon model we must evaluate the limit

rwsmam=ﬁm%mamm (1.2)
N->w

where I (z) denotes the low-activity branch of the reduced grand potential for the model. We
can now find the particle number density p for the model by using the standard formula

p=p(z) = z(d/dz) I_(2). (1.3)
: . 53-2
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646 | G.S.JOYCE

It is also possible to develop a similar formulation that is valid for large values of z. Following
Gaunt & Fisher (1965) we shall take the kigh-activity branch of the reduced grand potential
I (z') to be a function of 2’ = 1/z.

The early work on the hard-hexagon model involved the use of approximate numerical
methods. In particular, Runnels & Combs (1966) calculated the maximum eigenvalue of the
transfer matrix for lattices of finite width, whereas Gaunt (1967) derived and analysed various
series expansions for the model. From these studies convincing evidence was found to indicate
that the hard-hexagon model underwent a continuous order—disorder transition at a critical
activity z, = 11.0910.13.

Further finite width lattice calculations were carried out by Metcalf & Yang (1978) for the
special case z = 1. On the basis of their numerical result I” (1) & 0.3333 they conjectured that
the exact value of I (1) was equal to 3. However, this conjecture was shown to be incorrect by
Baxter & Tsang (1980) who used the corner transfer matrix method to obtain the extremely

accurate value
I’ (1) = 0.333242721976. (1.4)

More importantly, these authors also observed that the eigenvalues of the corner transfer
matrices had certain limiting properties, which suggested that the hard-hexagon model may be
exactly solvable.

Following this work an exact solution of the hard-hexagon model was in fact soon established
by Baxter (1980, 1982). It was found that the order—disorder transition occurred at a critical
activity

z, = }(114+54/5) = 11.091699.. ., (1.5)

which is in good agreement with the earlier numerical estimates for z,. The reduced grand
potential I" and various thermodynamic quantities such as z and p were also evaluated by
Baxter (1980, 1982) for z < z, and z > z, in terms of certain infinite products which were
functions of a non-physical parameter x, with —1 < x < 1. In particular, the following simple
product forms were derived for the order-parameter R and the reciprocal activity z’ = 1/z:

n=1

R=TI (1—#" (1—x") (1—x*)2, (1.6)

_ (1 xsn-4)5(1_x5n-1)5
z x}:[l (1 xsn 3)5(1_x5n—2)5’
where 0 < x < 1. Itis possible, at least in principle, to eliminate the parameter x from these two
equations and hence obtain the physically important thermodynamic function R = R(Z’).
Baxter (1982) carried out this elimination procedure locally in the neighbourhood of x =1 to
determine the critical behaviour of R(z’) as z—z,+. However, no attempt was made to
establish the global structure and properties of the function R(z’) in the z’-plane.

In §§2 and 3a of the present paper we shall use the theory of modular functions as developed
by Klein & Fricke (1890, 1892) to prove that the thermodynamic function R = R(Z’) satisfies
an algebraic equation of the type

(1.7)

é Qi(2') R =0, . (1.8)

=0

where Q,(2) ... @,(z’) are polynomials in z’, with @, (z’) = 0. It is shown in § 35 that there exists
a remarkable connection between the zeros of the polynomials Q,(z’) and the geometrical
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ON THE HARD-HEXAGON MODEL 647

properties of the icosahedron (Klein 1913), whereas in §3d the detailed analytic properties
of R(z’) in the z’-plane are investigated by applying the methods of algebraic function theory
(Bliss 1966) to equation (1.8). Various closed-form algebraic expressions and hypergeometric
formulae for the order-parameter R(z’) are given in §6.

In §7 these results for R(z’) and the simple relation

E,(2) = ()1 - 112 — ()Y R(2) ] (1.9)

are used to establish the analytic properties of the grand partition function per site Z,(z’). A
detailed study of the thermodynamic functions of the hard-hexagon model is then carried out
in §§8, 9 and 10 for z > z,. In particular, it is shown in §84 that the mean number density
p = p(2') satisfies the algebraic equation

3[1—112'—(2)?*] p* — [1— 662" —11(2)*] p*— 152/ (3+2) p*+ 32/ (4 +382") p—2'(1+22) = 0.
| V | (1.10)

This relation is of considerable significance because, as is demonstrated in § 10, it forms the basis
for the derivation of closed-form expressions for the inverse function z’ = z’(p), the isothermal
compressibility kp = k;(p) and the equation of state I, = I',(p) in the high-density region
P. < p <1 In the remaining sections of the paper modular function theory is used to investigate
the properties of the hard-hexagon model for 0 < z < z,."

Modular functions and modular equations have previously been employed in the theory of
critical phenomena by Joyce (19754, b) to study the analytic properties of the Ising model with
pure triplet interactions on the triangular lattice. The present work on the application of
modular functions to the hard-hexagon model was begun in 1980 and has been carried out over
a period of several years. Some of the early results obtained for the order-parameter R(z") and
the virial series for I” (p) have already been reported by Baxter (1982, p. 451) and Gaunt &
Joyce (1980) respectively. After the completion of the work, my attention was drawn to the
independent work of Tracy et al. (1987) and Richey & Tracy (1987), which is also concerned
with the application of modular function techniques to the hard-hexagon model.

In particular, Tracy et al. (1987) have proved in Theorem (2.1) that the physical quantities
computed by Baxter (1980, 1982) are modular functions with respect to certain congruence
groups. This theorem and general results from Riemann surface theory are then used to
establish the existence of polynomial modular relations of the type (1.8) and (1.10) between the
various physical quantities. The special role of the Klein icosahedral function {(7) in the hard-
hexagon model is also discussed, and the analytic structure of Z and p in the complex z-plane
is determined for the ordered and disordered régimes. In the present paper similar results for
the analytic properties of = and p in the z-plane are derived in §§75, 86 and 125. Richey &
Tracy (1987) have used a general group theoretic algorithm to compute the detailed form of
the polynomial relation between & and p in the disordered régime. The corresponding result for
the ordered régime is given in equation (10.48) of the present paper.

- The group theoretic methods extensively used by Tracy ef al. (1987) and Richey & Tracy
(1987) are more sophisticated and modern than those used in the present paper, which are
based on the hauptmodul functions of Klein & Fricke (1890, 1892). The main advantage of
the hauptmodul method is that it leads more naturally to explicit algebraic and hypergeometric
closed-form expressions for the various properties of the model.
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648 G.S.JOYCE

2. MODULAR FUNCTIONS

We begin by considering the set of matrices

= )

where Z denotes the set of integers. Under the binary operation of matrix multiplication this
set of integral unimodular matrices forms a group called the homogeneous modular group I
(see Schoeneberg 1974 ; Apostol 1976). With each matrix M eI” we can associate a fractional
linear transformation ' '

a,b,c,deZ, ad—bc = 1}, (2.1)

T =M(1) = (a7+b)/(cT+d), (2.2)

where 7€ C* and C* denotes the set of complex numbers in the upper half-plane Im (7) > 0.
The transformations (2.2) also form a group called the inhomogeneous modular group I,
which is homomorphic with the group I". (The groups I" and I" are not simply isomorphic
because the matrices + M are both associated with the same transformation in I,)

We now introduce the class of modular functions f{7) that satisfy the following conditions:

(i) f(r) is meromorphic in C*;

(ii) fAM(1)) = flr) for all M(7)eT and all TeC*;

(ifi) there is a constant v, > 0, such that for Im (7) > v,, f(7) has a Fourier expansion of the
form

Sfr) = X a, exp (2rinT), (2.3)

where meZ and a, # 0. (It is readily seen from condition (ii) and equation (2.2) with
a=b=d=1 and ¢ =0 that a modular function must be a periodic function of 7 with a
period 1.) '

The fundamental modular function (or ‘hauptmodul’) for I" can be defined as (Klein &
Fricke 1890, p. 154) '

' L 3 X : 3
Jr) = Tl%[ﬂ(f)]‘?‘[l +200 % i’%} : 2.4)
where 3(7) = exp (Fmir) ﬁ [1—exp (21cin'r)],v | (2.5)

n=1
is the Dedekind eta function, and 7€ C*. The modular invariant J(7) is of basic importance
because it can be shown that every modular function is expressible as a rational function of
J(7). Itis found by expanding equation (2.4) that the Fourier expansion (2.3) for J(7) is given
by | "
1728J(1) = X j,x" = 2"+ 744 + 196 884x+ 21 493 760x*

n=—1

+864299970+° + 20 245856 256x* 4 333202640600x° +...,  (2.6)
where . _ x = exp (2mir), 2.7)

and 0 < |x| < 1. (This expansion is just a Laurent series for J about the origin in the x-plane.)
The higher-order coefficients j, in (2.6) have been calculated by Zuckerman (1939) for


http://rsta.royalsocietypublishing.org/

Y 4

THE ROYAL A
SOCIETY

PHILOSOPHICAL
TRANSACTIONS
OF

Y o

THE ROYAL A
SOCIETY

PHILOSOPHICAL
TRANSACTIONS
OF

Downloaded from rsta.royalsocietypublishing.org

ON THE HARD-HEXAGON MODEL 649

n < 24. Petersson (1932) and Rademacher (1939) have derived the following asymptotic
formula for the Fourier coefficients j, in (2.6):

Jo~ 2 texp (4nnt), as > oo, (2.8)

Recently, it has been shown (Thompson 1979) that there exists a remarkable connection
between the coefficients j, and the degrees of the irreducible characters of the Fischer—Griess
‘monster’ group.

Subgroups of the full modular group I" can be constructed by requiring that the mtcgers
a,b,c,d involved in the transformation (2.2) satisfy certain congruence relations. For any
subgroup G of finite index in I" we can define a new class of modular functions f{7) that satisfy
the conditions:

(i) f(r) is meromorphic in C*;

(i) fA(S(1)) = f(r) for all transformations $(7) €G and all TeC*;

(iii) at each cusp s of G choose a transformation M (7) € I', which has M (00) = s, then there
is a constant v, > 0 such that, for Im (7) > v,, f(M(7)) has a Fourier expansion of the form

FIME) = 3 b, exp (2rint/h), - (29)

n=m '

where £ is the least positive integer such that the transformation MaM'l(‘r) €G, with
o(z) =z+h.

An important subgroup I (N) of the modular group is defined to be the set of transformations
(2.2), which satisfy the additional congruence relation ¢ = 0 mod N, where N is any positive
integer. When N < 10 or N = 12, 13, 16 and 25 there exists a univalent modular function (or
‘hauptmodul) for I{(N). For the prime number cases N =2, 3, 5, 7 and 13 it can be proved
that the hauptmodul for I3(N) can be written as

on(T) = ex[n(NT)/5(T) VD, (2.10)

where (7) is the Dedekind eta function and ¢y is an arbitrary constant (see Klein & Fricke
1892, p. 64 and Apostol 1976, p. 87). In particular, we have

y(7) = 64x TT [(1 =)/ (1—x")]*, « | (2.11)
w0y(r) = 27x TT [(1—#*") /(1 —x")]™, | 2.12)
oy(r) = 125¢ T [(1=#")/ (1=, (2.13)

n=1

where x = exp (2rir). (The constants ¢, have been defined to give agreement with the work of
Klein and Fricke. However, we have changed the modular function notation used by Klein
and Fricke from 7, to w,, in order to avoid confusion with the variable 7 defined in equation
2.7).)

When N = 2, 3, 5, 7 and 13 every modular function f(‘r) for the congruence subgroup I, o(N)
can be expressed as a rational function of the hauptmodul wy(7). Because the modular
invariant J(7) is a modular function for all the subgroups of I" it must be possible to write J(7)
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650 G.S.JOYCE
as a rational function of wy(7), provided N= 2,3,5,7and 13. When N =2, 3 and 5 we find
from the work of Klein & Fricke (1892, pp. 60, 61) that
J = (4w, +1)*/270, = (03 +1) (9w +1)% /64w,
= (0 + 10w; + 5)%/1728w;, (2.14)

where J = J(1) and w, = wy(1). Klein & Fricke also give the following alternative form for
the relations (2.14):

J—1=(0,+1) (Bw,—1)?/27w, = (2705 + 18w, —1)%/64w,
= (0 +220; + 125) (0} +4w;—1)% /1728w (2.15)
Next we consider the set of tranéformations (2.2) which satisfy the congruence relations
a=d=1, b=¢c=0 modN, (2.16)

where N is any positive integer. These transformations form a subgroup I'(N) of the modular
group I', which is called the principal congruence subgroup of level N. When N=2, 3, 4, 5
there exists a univalent modular function (or hauptmodul) for the subgroup I'(N). For the
particular case I'(5) it can be shown that the hauptmodul may be defined as

SURE)) Frocti e (2.17)

n=1

where x = exp (2rir) (see Klein & Fricke 1892, p. 383; Mordell 1922). The modular function
¢(7) has a Fourier expansion of the type (2.9) with £ = 5. It is interesting to note that the factor
group I'/I'(5) is isomorphic with the icosahedral rotation group. The basic hauptmodul for the
* subgroup I'(2) is the well-known elliptic modular function
A(r) = K (7) = 164 TT [(1 +2")/ (1 +x"h]e. (2.18)
n=1
(In the theory of elliptic functions it is usual to write x = ¢*.) ‘

The function w(7) is also a modular function for the principal congruence subgroup I (5),
because I'(5) is a subgroup of I5(5). It follows, therefore, that w(7) can be expressed as a
rational function of the hauptmodul {(7). From the work of Klein & Fricke (1890, p. 639), we
find

= 1256/(1—110—6%), (2.19)
0 = 6(r) = [¢(1)]°. (2.20)
For the function w,(7) we have the rational relation
=¥(1-2)7, (2.21)
where A = A(7) is the hauptmodul (2.18).
We can also express J(7) as a rational function of {(7) because J(7) is a modular function

for all the subgroups of I'". The particular form of this rational relation may be obtained by
substituting equation (2.19) in equations (2.14) and (2.15). This procedure gives (Klein &

Fricke 1890, pp. 105, 106 | '
ricke 1890, pp )“ 1728J = Q3(6)/692%(0), (2.22)

where w; = w(7) and
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ON THE HARD-HEXAGON MODEL 651

and | 1728(J —1) = Q2(6)/65(6), - (2.23)
where 0,(0)=1-116—6%,

Q,(6) = 1+ 2280 +4946% —2286° + 6", (2.24)

Q,(6) = 1— 5220 — 100056 — 100056 + 5226° + 6.

In §3 we shall discuss the connection between these polynomials and the gcometncal properties
of the icosahedron.

3. ORDER-PARAMETER OF THE HARD-HEXAGON MODEL

Baxter (1980, 1982) has shown that the order-parameter R of the hard-hexagon model has
the following parametric representation:

R= H1(1 ") (1—#°") (1=4%")72, (3.1)
_ _ (1 xbn—4)5(1 _xﬁn—l)s
x}-_Il ( x5n—3)5(1_x5n-2)5’

(3.2)

where z is the activity and 0 < x < 1. As the parameter x increases from O to 1 the activity z
decreases from oo to its critical value

=}(1145+/5), (3.3)

while R decreases from 1 to 0.

The elimination of the parameter x from equations (3.1) and (3.2) gives the order-parameter
R as a function of the reciprocal activity z’ = 1/z. Our main purpose in this section is to use
the theory of modular functions to investigate the properties of the function R(z’) in the z’-
plane.

(a) Algebraic equations for R

We begin by applying the results (2.12), (2.13) and (2.17) to equations (3.1) and (3.2). In

this manner we obtain the alternative 7-parametric representation

R® = (§)*[ws(7)/ wy(7)], (3.4)
2 =0 =0(r), ) (3.5)

where wy(7), wg(7) and {(7) are the hauptmoduls for the congruence subgroups I3(3), I;(5) and
I'(5) respectlvcly The physically significant range for the parameter 7180 < Im (7) < o0 with
Re(7) = :
- Next we use equation (3.4) to eliminate w, from the modular relation (2.14). This procedure
gives

5°R8(wi + 10w, +5)® = (27w, + 125R") (243w, + 125R%)3. (3.6)

The elimination of w,; from the alternative result (2.15) yields the further algebraic
equation

5°RI® (2 + 220w, + 125) (w2 + 4wy — 1)% = (19683w2 + 607500, RS — 15625R'%)2.  (3.7)

54 Vol. 325. A
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It may be readily verified that equations (3.6) and (3.7) can both be written in the same
expanded form

5'2R — 5% (w8 + 3008 + 3150 + 13000 + 157502 — 6w, + 125) R®
+2-3° 57w R124+22-314- 53,2 RS + 3188 = 0. (3.8)

We see from equation (3.8) that the order-parameter R is an algebraic function of the
hauptmodul wy.

If we substitute the modular relation (2.19) in equations (3.6) and (3.7), and apply equation
(3.5) we obtain

Q3(Z') R = Q3(2) [272' + 2,(2') R*] [2432' + Q,(Z’) R®]®, (3.9)
and the alternative form
Q') R'® = Q3(2') [19683(2")* 4+ 48622, (') R®*—Q3(2’) R'?]?, (3.10)

where the polynomials £, (j = 1,2,3) are defined in equation (2.24). From equations (3.9)
and (3.10) it is found that

Q%(2') R*— A(Z') R + 196830(2')22% (') R' + 19 131 876(2')*2%(2’) R®
+387420489(2)4Q2%(z') = 0, (3.11)
where A(Z') = Q%(2)—1562'Q5(2) = Q3(2') + 9722’23 (2'). (3.12)

We see directly from equation (3.11) that the order-parameter R is an algebraic function of the
reciprocal activity 2’ = 1/z. '

It should be noted that the algebraic equation (3.11) is not irreducible because it can be
factorized by using the equivalent equation (3.10). In this manner we obtain the reduced
equation

Q3(2') R —Q,(2') R*—4862'Q}(z’) R°—19683(2)22,(z') =0 (3.13)

for the order-parameter R.

(b) Connection with the icosahedron

In this section we shall use the work of Klein (1913) to establish a link between the hard-
hexagon model and the geometrical properties of the icosahedron. Consider a three-
dimensional space with orthogonal coordinate axes (,v,w), and suppose that the (x,v) plane
is used to represent the set of complex numbers { = u#+iv. A Riemann unit sphere is now placed
with its centre at the origin of the {-plane, and an icosahedron is inscribed within the sphere.
To fix the orientation of the inscribed icosahedron we suppose that there is a vertex at each of
the poles (0,0, 1) and that one of the vertices nearest the pole (0,0, 1) lies in the positive
quadrant of the (z, w)-plane. Next all the points on the surface of the icosahedron are projected
radially outwards onto the unit sphere. In this manner we obtain an icosahedral pattern on the
Riemann sphere. Finally, we make a stereographic projection of this pattern onto the {-plane
as shown in figure 1.

- The 12 vertices of the icosahedron have stereographic images in the {-plane at 0, 00 and

& = ((— 1+ v/5) exp (min), 3(1+v/5) exp [3mi(2n+ 1)1}, (3.14)
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|

Ficure 1. Stereographic projection of the icosahedron onto the §-plane.

where n = 0, 1,2, 3, 4. For the 20 face-centres of the icosahedron we find that the stereographic
images are given by

L ={3V6(5£v/5) +1(3% v/5)] exp (min),
[2v6(5+v/5) —1(34v/5)] exp [ni(2n+1)]}, (3.15)

where n=0,1,2,3,4. The 30 mid-points of the edges of the icosahedron have stereographic
images
& = (BV2(61v5)!—1(1 £ v/5)] exp (3nin),
V251 v5)i+i(1£v/5)] exp [3mi(2n+1)],
exp [#mi(2m+1)]}, (3.16)

where n = 0,1,2,3,4and m=0,1,2,...,9. It can be shown (Klein 1913, pp. 60, 61) that the
sets of image points {,, {, and {, are the zeros of the basic polynomials 2, (), £2,(6) and 2,(6)
respectively, with 6 replaced by £*. We see, therefore, that there is a close connection between
the order-parameter of the hard-hexagon model and the geometrical properties of the
icosahedron.

An interesting feature of this connection can be established by calculating the 8 = {® values
associated with the stereographic image points {;, {, and {,. The final results are

0, = 3(—1115v/5)},
0, = {(57425+/5) +5(255 + 114+/5)}, (57125+/5) —5(265 £ 114+/5)3,

0, = {—1(261 4 125+/5) + (650 +-290+/5)}, —1(261 +1254/5) —15(650+200+/5)}, +i}.
(3.17)
54-2
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The sets 8,, 8, and 8, are the zeros of the polynomials £2,(8), £,(6) and £2,(6) respectively.
From the results (3.17) and (3.3) we see that the critical point z, = 1/z, of the hard-hexagon
model and the non-physical singularity at z’ = —z, are associated with the stereographic
images of the non-polar vertices of the inscribed icosahedron!

The values of w; associated with the image points {;, {, and {; may be determined by using
equations (2.19) and (3.17). We find that '

@y, ={t oo}, @;,={-512v5}, 0;;={-2+tv5, —11£2i}. (3.18)
It is seen that the 10 non-polar vertices of the icosahedron are all associated with the point at
infinity in the w;-plane, while the 2 polar vertices are associated with the origin w; = 0.
(¢) Behaviour of R in the wy-plane

We now use the algebraic equation (3.8) to investigate the singularity structure of the order-
parameter R in the w;-plane. For convenience, we introduce the notation

y= (@B E, (3.19)

and rewrite (3.8) in the quartic form
Slwg,y) = 3y* —4w,(16J—17) y* + 900; y* + 10803 y + 27w; = 0, (3.20)
where J = (wi+10w;+5)3/1728w;. (3.21)

The standard method for studying the properties of a function y(x) that satisfies the general
algebraic equation

f9) = T ayp(0)* =0, (3.22)

k=0
where q,(x), (!=0,1,...,n) are polynomials in x, is to use the Sylvester determinant to

eliminate y from the two equations f=0 and 9f/dy = 0 (Goursat 1959; Bliss 1966). This
procedure gives the resultant polynomial in x, which we shall denote by

Res (f,0f/%; y). : (3.23)

The zeros x, (i = 1,...,k) of this resultant polynomial are called the singular points of the
equation (3.22). At any non-singular point in the finite x-plane the n branches of the algebraic
function y(x) are all analytic functions, whereas at a singular point x; one usually finds that at
least one of the branches of y(x) is not analytic. However, in exceptional circumstances it is
possible for all the branches of y(x) to be analytic even at a singular point x,, We shall call a
singular point of this special type an apparent singular point.

For the particular quartic equation (3.20) the resultant (3.23) is found to be

Res (f,0f/0y; y) = —2%-3V%)12 JB(J—1)2. (3.24)

The application of equations (2.15) and (3.21) to this result gives the explicit polynomial
form

Res (f,0f/0y; y) = — (0§/9) (0§ + 10w; + 5)%(wi + 4wy — 1)} (wE + 2205+ 125)2.  (3.25)

It follows from formula (3.25) that equation (3.20) has singular points in the finite w,-plane

t
2 w5 =0, —5+24/5, —2++4/5 and —11+2i. . (3.26)
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There is also a singular point at w; = 00 (see Goursat 1959, p. 241), which is associated with
the physical critical point of the hard-hexagon model. We see from these results and equation
(3.18) that the singular points in the extended w;-plane can be associated with the stereographic
image points {;, {, and {; for the icosahedron!

It can be shown that the physical branch of y(w;) is analytic at the singular point w, = 0,
whereas the three non-physical branches form a single cyclic system of non-analytic functions
at w; = 0. We also find that all the branches of y(w;) exhibit a square-root branch-point at the
singular points w; = —11+2i. However, the singular points —5+24/5 and —244/5 are all
apparent singular points. At the point w; = o0 the physical branch and 2 non-physical branches
form a single cyclic system of non-analytic functions.

From the above singularity analysis it is clear that we can represent the physical branch of
y(w;) as a Taylor series in powers of w;. In particular, we obtain

Rt = (&) y = 1 —6v+450°— 3560 + 28440* —223800° + 169 190,°
— 11809807 + 69284160° — 22 202424° — 232 534 9620*° + 6688 362 1324"!
—1082595508650'2 + 1467755 129538012 —..., (3.27)

where v = 3zw;. This series is convergent provided that |w;| < 54/5.

The application of the Puiseux method to the singular point w; = 00 of the algebraic
equation (3.20) enables one to establish an analytic continuation of the physical branch (3.27)
which is valid in the interval 54/5 < |w;| < c0. In particular, we find that

6 <]
R = (8)y = (3—) gt S (£ 1)74, oy, (3.28)

3
5 n=0

where the upper sign is taken in the interval 54/5 < w; < 00, and the lower sign is taken for
— 0 < w; < —54/5. A list of the coefficients 4,, is given in table 1 for n < 31. It follows from
equation (3.28) that

3s 2 ] 10 |
7 = (5) o 00 £lod i) + ol Fhw,), (3.20)

TaBLE 1. COEFFICIENTS A4, IN THE EXPANSION (3.28)

n 4, n 4,
0 1 16 52650
1 0 17 528900
2 0 18 734635
3 —10 19 —846000
4 0 20 —6027657
5 12 21 —6504 120
6 95 22 12163500
7 0 23 66476850
8 —240 24 54261625
9 —900 25 —162598212
10 90 26 —713394075
11 3480 - 27 —407922250
12 8525 28 2063030220
13 —2700 29 7466547000
14 —44400 30 2442173375
15 —79994 31 —25146798840
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where the functions F(w;), (k=0,1,2) are analytic at w; =00 with Taylor series
representations:

]

F(wg) = Z Agpinr 5™ (3.30)

n=0
where £ = 0,1,2 and 54/5 < |w;| < 00. These Taylor series exhibit branch-point singularities
on the circle of convergence at w; = — 11+ 2i. We see from equation (3.29) that the corrections
to the dominant critical behaviour

R~ (3/4/5)w;, as wy—>+ 0, (3.31)

have a rather complicated confluent singularity structure.

(d) Behaviour of R in the z'-plane

It can be shown by analysing the resultant (3.23) that the algebraic equation (3.13) for the
function R(z’) has proper singular points in the z’-plane at z’ =0, o, z, and —1/z,, and 4
apparent singular points at z’ = 6,, where the set of values 8, is defined in equation (3.17). At the
singular point z’ = 0 the physical branch of R(z’) is an analytic function. It is possible, therefore,
to expand the order-parameter in the form

R=3r()" (3.32)
n=0

where |Z'| < z,. The coefficients r,,, which were obtained by substituting the relation
ws = 1252 /[1—112"— (2')?] (3.33)

in the Taylor series (3.27), are given in table 2 for n < 24. The first few coeflicients 7, ..., in
table 2 are in agreement with the earlier calculations of Gaunt (1967).

We can determine the behaviour of the order-parameter R in the neighbourhood of the
branch-points z;, and —1/z, by using equations (3.28) and (3.33). In this manner we
obtain .

R=35%{(2,—2) (z,+2)/IZ|F & (£1)"C,57"[(z;—2) (z,+2) /I, (3.34)
n=0
where the upper sign is taken for z’ <z, and the lower sign is taken for z’ 2 —1/z.. The
coefficients C, in (3.34) are defined by the relation

[z 4, x"]a =Y C ", (3.35)
n=0 n=0

and the coefficients 4, are defined in equation (3.28). A list of the coefficients C,, is given' in
table 3 for n < 23.

To investigate the behaviour of R in the neighbourhood of the physical critical point z" = z,
we first use the variable

¢ =51—(2/Z)], (3.36)
to write equation (3.34) in the alternative form

R = (3//5) (!V[Go(t) + (¢ )3G,(£)) + () Gy (1)), (3.37)
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TaBLE 2. COEFFICIENTS 7, IN THE EXPANSION (3.32)

n r,
0 1
1 -1
2 -6
3 —43
4 —347
5 - —3002
6 —27165
P | 7 —253625
<[, 8 —2423014
o 9 — 23559091
< 10 —232269858
— 11 —2315845513
@) = 12 —23305516673
I~ 23} 13 —236370993938
— 14 —2413311489567
= O 15 —24780942112943
O 16 —255732635182579
= 17 —2650669372188184
—n 18 —27580891652646375
52 19 —287979786719182165
=0 20 —3016215679346417804
EI: 21 —31679462052621305651
085 22 —333576121312242893841
8 %) 23 —3520592195120956837 214
=2 24 —37235270065999873219081
EE
TaBLE 3. CoEfFFICIENTS C, IN THE EXPANSION (3.35)
n C, n C,
0 1 12 110075/243
1 0 13 —325/3
2 0 14 —195650/81
3 -5/3 15 —2568911/729
4 0 16  14950/9
5 2 17 5796700/243
6 80/9 18 180895760/6561
7 0 19 —1790750/81
8 —70/3 20 —169872988/729
9 —4900/81 21 —4158538360/19683
o 100 5 22 66196000/243
e d 11 2170/9 23 14764754 500/6561
—
; > where the functions
O H ’ ad 4 s 4 1
et 2 Ge(t) = T Conystel?)"[(1 =2 1)/ (1=5%)]™ 4, (3.38)
a8 U n=0
= O (k=0,1,2), are all analytic at ¢ =0, and ¢ 2 0. We now expand (3.38) in powers of ¢’ by
= uw

using the Taylor series

[(1—ze¢)/(1=8¥)]* = B E, () ()", (3.39)
' m=0
where the coefficients E,,(A) satisfy the recurrence relation

2(m+1) E,,1(A) — [A(11 +54/5) + (— 11+ 154/5) m] E,,(A)
| . +5(25—114/5) (m—1)E,,_,(A) =0, (3.40)
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with the initial conditions Ey(A) = 1 and E_,(A) = 0. In this manner we find that

@

G.(f) = X D® )", (3.41)
n=0
where £ =0,1,2;¢ 2 0 and
DY = Eo Comesk Enom(m+3k+3). (3.42)

Next we calculate the coefficients D by using the recurrence relation (3.40) and the results
in table 3, and then substitute equation (3.41) in the formula (3.37). This procedure yields the
following basic expansion for R about the physical critical point z’ = z[:

= (3/4/5) (t'){[1—(1/18) (19—5+/5) ¥ +2(£')§— (1/162) (— 423 +475+/5) (¢')?
+(1/9) (—34+80+/5) (£)3— (1/2187) (108604 — 15295+/5) ()2 +5(¢)¥
+(1/81) (15543 —2125+/5) (¢')% — (1/39366) (— 4275491 47307 685+/5) (¢')*
+(1/18) (—245+775+/5) (¢')F 4+ (1/2187) (— 1583363 + 1838465+/5) ()% + O((¢)%)],
where ¢’ 2 0. ‘ (349
The behaviour of the order-parameter R in the neighbourhood of the non-physical

singularity 2z’ = —1/z, can be determined from equation (3.34) in a similar manner by
introducing the expansion variable :

t* =574(1+2,2). (3.44)
It is found that the final expansion for R is
= (3/4/5) (t*)¥[1 + (1/18) (194 54/5) t* —2(t*) ¥4 (1/162) (423 +475+/5) (1*)*
— (1/9) (34 +80+/5) (t*)3+ (1/2187) (108604 + 15295+/5) (1*)* + 5(1%)¥
— (1/81) (15543 +2125+/5) (t*)¥ 4 (1/39366) (4275491 + 7307 6854/5) (1*)*

+(1/18) (245 +775+/5) (%)% — (1/2187) (1583363 + 1838465+/5) (t*)¥ + 0((%)%)],

(3.45)
where t* 2 0.

An asymptotic representation for the series coefficients 7, in equation (3.32) can now be

derived by applying the Darboux theorem (see Ninham 1963) to the critical point expansion
(3.43). The final result is

T ~—371573[I(8/9)] ' % (z,) {14 1/5(19/405) n*
—/5(224/1125) I'(8/9) [I'(2/9)]n~3 — (1463/164025) n™?
— (3808/18225) I'(8/9) [r(z/g) 1§
—1/5(2898469/996 451 875) n~
— (35464/455625) I'(8/9) [I'(5/9)] 'n ™%
—1/5(163744/36905625) I'(8/9) [I"(2/9)] 'n™%
—(213010406/403563009375) n™*
—1/5(6950944 /184528 125) I'(8/9) [I'(5/9)]'n~%
+(1700808928/44 840334 375) I'(8/9) [I'(2/9)]n% + O (n %)}, (3.46)
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as n— 00, where I'(x) denotes the gamma function. On general grounds one would expect. the
coefficients in the expansion (3.46) to be of the form a+ b+/5, where a and b are non-zero real
numbers. However, a remarkable cancellation occurs in the derivation of the expansion (3.46),
which leads to an alternating zero value for the constants @ and 4. A check on the calculation
has been made by evaluating (3.46) for a range of values n =1,2,3,.... For the case n = 24
one finds that ~
1y & —3.723527013 x 10%2.

This asymptotic representation for 7,, is in excellent agreement with the exact value given in
table 2. The asymptotic formula (3.46) also gives a surprisingly accurate approximation for
r, when n is small. For example, if the asymptotic value for r,, is rounded to the nearest integer
one obtains the exact value for r,, provided n = 1,2,...,7!

4. HAUPTMODUL ANALYSIS IN THE T-PLANE

In this section we shall analyse the behaviour of the hauptmoduls w,(7), ws(7) and {(7) in
the upper half of the T-plane The elimination of the parameter 7 from these results gives one
an alternatlve method for establishing the singular behavmur of R in the w;- and z’-planes.

(a) Properties of the hauptmoduls wy(7) and w5('r) _
We begin by applying the standard transformation formula (Ayoub 1963, p. 158)
7(T) = exp (41t1)'r by(—1/7), TEC+ (4.1)
to the hauptmodul (2.10). This procedure gives , ’
[w5(7)]™" = wy(—1/37), (4.2)
[ws(T)]! = (1/125) ws(—1/57). (4.3)

If we apply equations (2.12) and (2.13) to these results we obtain

Ton(n)1™ = 27X I [(1= X" /(1= X7, (44
and (ws(r)] = 4 TT [(1=4)/ (1= 47", («5)
where 4 - exp’(—2ni/5'r)r, | | ‘(4.6)
and - X=d=ep(- 21:1/31') | o (4.7)

Next we expand the products in (4. 4) and (4.5) in powers of X and 4 respectlvely In this
manner we find that - o ,

. n=0

[wa(‘f)]"1 27 anX”“ X<t o (4.8)
whereﬂ=1,ﬁ=12,ﬁ=90;and | ’

[ws(n)]™ = S g, 4™, 141 <1 (4.9)

n=0

55 ‘ Vol. 325. A
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where g, = 1, g, = 6, g, = 27, g, = 98, g, = 315. It can be shown by using an identity derived
by Ramanujan (see Rademacher 1973, p. 241) that the coefficients g, satisfy the relations

£, =1p(Bn+4), (n<4) | (4.10)
. 3n
& =1p(6n+4)— X p() gygry (n>5) (4.11)

=1

where p(!) is the number of unrestricted partitions of the integer /, and [}n] denotes the largest
integer that is less than or equal to $n. Because extensive tabulations of p(/) are available in the
literature the recurrence relation (4.11) provides one with a convenient method for calculating
the coefficient g,,. : ,

We now use the expansion (4. 8) to write the order-parameter (3.4) in the alternanve
form

= B/v8)ay(n) 3 4™, <1 (4.12)
e
The expansions (4.9) and (4.12), which are valid for all 7€ C*, are the basic results in this
section. They provide one with an implicit parametric representation for the physical branch of
the algebraic function R(w;), which is particularly useful in the neighbourhood of the critical
point wy; = 400, 7= +i0. An explicit representation for R(w;) can be established by first
reverting the series (4.9). In this manner we obtain

4 = 07— 607 + 450;° — 3685 + 313205 —.. .. (4.13)
From this expansion we find that |

= ot Y e, w;™, (4.14)

m=0

X

where ¢, = 1, ¢, = —10, ¢, = 95, ¢; = —900 and ¢, = 8525. The substitution of the expansion
(4.14) in equation (4.12) yields the required explicit representation

R (w;) = (3/+/5)°w33 [ Fy(w5) + 033, (w5) + w5 By (ws) ], (4.15)
<] o 31+5+1
where Bwo) = 3 fuor®( £ ewor”) (4.16)

m=0
J=0,1,2 and 54/5 < w; < 00. From (4.16) it is readily found that
Fy(v;) = 1 —100;* + 950;2 — 900w;® + 8525w —. . .,
F(0) = 12—2400;" + 3480w;2 — 44’4000);3 +528900w;*—.. (4.17)
Fy(ws) = 90— 2700w;" + 52 650w;% — 846 000w, + 12163 500w -

These results are in agreement with those derived in §3c¢.
To determine the behaviour of R in the nelghbourhood of the singular point w; = — 00,
7 = 3+1i0, we make the substitution

=+, Im(%) >0 . (4.18)
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in equation (2.10), and then apply the standard transformation formulae (Ayoub 1963,
pp. 1569, 200), ‘

7(7+1) = exp (i) (1), (4.19)

, | 7(+37) = exp (i) Tiy G —4r7). (4.20)
This procedure gives  [ws(M)] T = 0y A=), (4.21)
[o5]7 = dewsG—16(r9)™),  (422)

" where 7 = }+37*. From these results we readily obtain the basic expansions

(0] = 3 ga(—~ 4™, 1441 <1 (423

and (3/v5) Swy(T) > ful— X*)”“ 1X* < 1 (4.24)
. n=0 .

where 4* = exp (—mi/57¥), , D (4.25)

X* = (4%)} = exp (—mi/37%), o (4.26)

and the coefficients g, and f, are defined in equations (4.9) and (4.8) respectively. The
expansions (4.23) and (4.24) give a parametric representation for the order-parameter R(w;),
which is particularly useful in the neighbourhood of the singular point wy; = — 00, 7 = 3+i0.
An explicit representation for R(w;) can be derived by first reverting the series (4.23). Hence
we find that :
X* = (4% = (—w) S ;™ (4.27)
m=0 '
where the coefficients ¢,, are defined in equation (4.14). If the expansion (4.27) is now
substituted in equation (4.24), we obtain the required explicit representation

R (w5) = (3/v/5)%(—g) Y[Ry (w5) — (—w5) 3F, (05) + (—w5) FE(w5)],  (4.28)
where — 00 < w; < —54/5, and the functions Fj(w;), j = 0, 1,2 are defined in equationsk (4.15)
and (4.16). The result (4.28) is in agreement with that derived in §3 (see equation (3.29)).

(b) Properties of the hauptmodul {(7)

The hauptmodul {(7), which is defined by the infinite product (2.17), can be expressed in
the alternative form (Klein & Fricke 1892, p. 383) -

g(,r) =x§ § (— l)nx-,‘-n(sn+3)/ § (_l)nx{-n(.srwl)’ (429)

where x = exp (2wiT). It is also possible to write ¢(7) as the continued fraction

€N ={rivizie " (4.30)

If the infinite product (2.17) is expanded in powers of x we obtain the Fourier series
Lr) = B —x+ 20— x4 25— 28427 — 2% + 2210 — Bt 4 21— M+ 4P — 410 4L ),  (4.31)

where |x| < 1.
55-2
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The behaviour of {(7) in the neighbourhood of 7 = 0 can be determined by using a modular
transformation formula given by Klein & Fricke (1890, p. 615). In this manner we find
that

v 5¢(—1/7) ]
. 4.32
Ws-1) 4~ 177 (432
This result may also be derived by applying one of Ramanujan’s theorems to the continued

fraction (4.30) (see Ramanujan 1927, p. xxviii). If the expansion (4.31) with 7 replaced by
—1/7 is substituted in equation (4.32) we obtain the simple result

¢ = 45 -1 1-137

g(T) = %(\/5— 1) [1 —%}4— O(As), (433)

where 4 is defined in equation (4.6).

We shall now show how equation (4.33) can be used to determine the critical behaviour of
R(2’) as 2’ > z;, where 2’ is the reciprocal activity for the hard-hexagon model. From (4.33)
we readily obtain the expansion

2 = (1) = Z,[1 —5v/5443y/5(54/5—1) A2 —8/5(43 —54/5) 4°
+54/5(304/5—382) 4*—54/5(3TT—1154/5) A5 +...], (4.34)

where z; = 1/z,. Next we carry out a reversion of the expansion (4.34). This procedure leads
to the important result

4=1+354/5—1)()*+1(83—54/5) (¢)*+ (1554/5—57) (¢)*+1(6177—5154/5) (¢')°+...,
(4.35)
where the variable ¢ is defined in equation (3.36) and |¢| < 573.

An expansion for R(7) in powers of the parameter 4 may be derived by using equations (3.4),
(4.4) and (4.5). It is found that

=g}
R(1) = (3/v/5) 4TI (1—4") (1—4°") (1—4i")2, (4.36)
n=1
= (3/V/5) A1 — A+ 24— 42— 2434 54¥ —24% —54% + 0(4%)]. (4.37)
The required critical behaviour of R is obtained by substituting the expansion (4.35) in
equation (4.37). The final result is in complete agreement with equation (3.43), which was
derived by a direct analysis of the algebraic function R(z’).

Next we determine the behaviour of the hauptmodul {(7) in the neighbourhood of 7 = L.
First we define the modular transformations :

T =7+1= M7,
‘= —1/1=M,T, (4.38)
7= (1-1)/27—1) = M,1,

where M1 = M,(My(M:(M,7))). (4.39)
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We then evaluate {(M,7) using (4.39) and the basic transformation formulae

LM, 1) = exp (3mi) {(7), (4.40)
1 V5¢(7) |
§(M,T) _E(\/5_1)[1_1+%(\/5—1)§(1')]' (4.41)

If we make the substitution 7 =31—%(7*)""! in the final result we obtain the required
relation

1: 1,1 1 5 _';'. %_% !
exp (—§m) €+r%) = M5+ ) 1= et DS | e

where Im (7*) > 0. The application of expansion (4.31) with 7 =1—}(1*)" to this formula
gives the simple expression '

exp (~im) €4+ 1%) = M+ D[t - P e FOLm )

where 4* is defined in equation (4.25).
We conclude this section with an analysis of the singular behaviour of the order-parameter
R(Z') as 2 - (—z,)+. From equation (4.43) we readily find that

2 =8(1) = —z,[1—54/54% +3/5(54/5+ 1) (4%)* —34/5(43 4 54/5) (4*)*
+51/5(304/5432) (4%) —3/5(3TT+1151/5) (4*)5+...], (4.44)
where 7 = 14+ 1r*. The reversion of this expansion gives
4% = 1% +1(5/5+1) (t%)2 +1(83+54/5) (%)?
+ (1554/5457) (%) + 16177+ 5154/5) (15)5+ ..., (4.45)

where the variable ¢* is defined in equation (3.44), and |t*| < 5%,
An expansion for R(7) in powers of 4* may be derived by using equations (3.4), (4.21) and
(4.22). We find that

R(1) = (3/+/5) (A*M[1+4* —2(4*)}— (4%)2—2(4*)}
+5(4%)3+2(4%) 8 4+5(4%)F+0((4*)%)], (4.46)

where 7 =1+1r*. If the expansion (4.45) is substituted in (4.46) we obtain the singular
behaviour of R(z’) as z’— (—z,) +. The final result is in agreement with equation (3.45).

5. ANALYSIS OF THE ALGEBRAIC FUNCTION wg(J)

The second modular relation in equation (2.14) provides one with an implicit definition of
an algebraic function wy(J) with four branches. In this section we shall derive various closed-
form expressions for w,(J) and investigate the analytic properties of wg(J) in the J-plane. The
results will be used to obtain closed-form expressions for the order-parameter R(z’).


http://rsta.royalsocietypublishing.org/

JES N\
Y o

THE ROYAL A
SOCIETY

PHILOSOPHICAL
TRANSACTIONS
OF

—%

THE ROYAL A
SOCIETY

PHILOSOPHICAL
TRANSACTIONS
OF

Downloaded from rsta.royalsocietypublishing.org

664 G.S.JOYCE

(a) Algebraic formulae

Although it is possible to analyse the function wy(J) by using the relation in equation (2.14)
it is simpler and more instructive to take the alternative form

J—1 = (27w +18w,—1)?/64w, (5.1)

as our basic result. We shall assume (at least initially) that J is real, with J > 1. If we make
the substitution @, = (}0)? in equation (5.1), we find that the function @(J) is determined by
the reduced equations

0*+60%+8(J—1)l0—3 =0. (5.2)

This quartic equation may be solved by following the standard procedure (see Merriman
1906). In this manner we find that the four solutions of (5.1) are

o () =§[— (=D {= @+ T +2(1+ S+ THBIP?,
o (J) =4+ <ﬁ—1>f+{—(2+J§>+2<1+Jﬁ+ﬁ>f}fr,
0P (J) = = —i(S—1)i+{+ (24 T)+2(1 + i+ JHi})2,,
P (J) = = +iB— Db {+ 2+ T +2(1 + S+ ThH,

(5.3)

where 1 < J < o0.
When — o0 < J < 1 we make the substitution w; = — (20)? in equation (5.1) to obtain the

reduced equations
0*—66%+8(1—J)}6—3 = 0. (5.4)

If we solve equation (5.4) we find that the four solutions of (5.1) for —o0 < J <1 can be
written down from the results (5.3) by making the formal replacements

(Si—1)i=i(1— ), 0<J<1
| =ilt+(-NY, -—0<J<0 (5.5)
and Ji=—(=J), -0 < J<0.

It is interesting to note that the quartic equation (5.4) with —o0 < J < 0 also plays a key role
in the exact solution of the Ising model with pure triplet interactions on the triangular lattice
(Baxter & Wu 1973, 1974; Baxter 1974 ; Joyce 19754, b). More recently the quartic equation
(6.4) has occurred in the theory of cusped caustics and rainbows (Peregrine & Smith 1979;
Connor & Farrelly 1981)! This surprising connection leads one to speculate that modular
functions may have important applications in the theory of caustics.

For complex values of J we can consider the results (5.3) to be the four branches of an
algebraic function w,(J) with branch points at J = 0,1 and c0. Each branch will be a single-
valued analytic function in the J-plane provided we make cuts along the real axis from — o0
to 0, and 0 to 1. (For the branch w{’(J) it is only necessary to cut the J-plane from 0 to 1,
because w{’(J) is in fact analytic at J = 00.)

The Riemann surface for wg(J) may be constructed in the usual manner by joining together
the cut-edges on different sheets that are associated with the same set of function values. The
genus of the surface is given by the general formula (Bliss 1966)

=32 (6—1)—n+1, (5.6)
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where 7 is the degree of the algebraic function and ¢, is the cycle number at the kth branch
point on the Riemann surface. For the algebraic function w,(J) there is a branch point with
cycle number ¢ = 3 above J =0 and J = 00, and fwo branch points with ¢ = 2 above J = 1.
It follows, therefore, that the genus g is zero. If we encircle J = 0 once in the positive-sense with
|J] > 1, we find that the branches (5.3) undergo the permutation cycles (1) (234). In a similar
manner the encirclement of J = 1, without enclosing J = 0, yields the permutation cycles
(12) (34).

(b) Hypergeometric formulae

It has been shown (Joyce 19754) that the Lagrange inversion formula can be used to solve
the algebraic equation (5.4) in terms of ,J; hypergeometric functions. From this work we find
that

1 134 1\
(1) - e
The application of the transformation formula (Erdélyi et al. 1953, p. 105)
JFi(a,b;c;2) = (1—=2)"%Fla,c—b;¢c;z/(z—1)] , (5.8)

to equation (5.7) gives the simplified expression

oP () = &I LEGE S I (69
where |J| 2 1. A comparison of this result with (5.3) yields the interesting relation
| LRG &% DI = — (- {— 2 +20+ B+ hY,  (5.10)

where |I| < 1. It is also clear from the hypergeometric formula (5.9) that the branch w{’(J) is
analytic at J = 0.

Next we determine the behaviour of w{"(J) in the neighbourhood of the branch point
J = 1 using standard ,F analytic continuation formulae (Erdélyl et al. 1953, pp. 105, 108).
The final result is '

o) =2 («/3 DULAG —& 5 1-0) -2 84 (va+1) (U- DhAG S 5 1-D)1,
(5.11)

where |J—1| < 1 and |arg (J—1)| < =. It is readily seen by encircling the point J =1 that a
hypergeometric formula for the branch w{(J) can now be obtained from equation (5.11) by
simply making the replacement (J—1)}——(J—1)% The behaviour of the branch w{?(J) in
the neighbourhood of J = o is found from this result by reversing the analytlc continuation
procedure used to derive (5.11). In this manner we find

4
b ), 6.12)

o) = 4 Rl — i § 77 -

OOIN

41’2 A

where |J| 2 1 and |arg (J)| < ®. Similar hypergeometric formulae for the remaining branches
0®(J) and w{’(J) are obtained from equation (5.12) by making the replacements

Ji>JBexp (3ni) and Ji-> J¥exp (—2ni)
respectively. '
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Analytic continuation formulae that are valid for |J] < 1 can be constructed from equations
(56.9) and (5.12) in a standard manner (Erdélyi et al. 1953, p. 108). It is found that

0@ () = —LEG —&: % D], (5.13)
oP()) = —iLAG — % L D+YLARG T S DY (5.14)

where 0 < |J] < 1 and 0 < arg (J) < 7. Similar formulae for the branches w{’(J) and 0@ (J)
are obtained from equation (5.14) by making the substitutions Ji— J5 exp (3mi) and Ji—>
Jiexp (—2mi) respectively. When —m < arg(J) <O these analytic continuations for the
branches w{’(J), (k=1,...,4) undergo the permutation cycles (12) (34). For the branch
o (J) we also have the alternative combined form

ZAOERS WACESH HUES (ENIVACEIE 29)) ) - (815)

where 0 < |J] <1 and |arg (—J)| < . We see clearly from this result and equation (5.9) that
the branch w{"(J) has a real value for — o0 < J <0and 1 <J < 0. A comparison of (5.13)
with (5.3) leads to the relation

LEG —&; 5 D] =1 —J)i+ 12+ J) +2(1+ Ji+ JhiE, (5.16)

where |J] < 1

The analysis presented in this section is essentially a special case of a general theory of
algebraic hypergeometric functions which was first developed by Schwarz (1873). It is
interesting to note that in this work an alternative algebraic formula is given for the
hypergeometric function ,F,(}, —5; %; J) in equation (5.16). This particular ,F, function was
also discussed by Cayley (1879).

(¢) Properties of the function 1/w,(J)

It is worthwhile investigating the reciprocal algebraic function 1/w;(J) because this function
basically determines the behaviour of the order-parameter R. From the quartic equation (5.1)
we readily see that the four branches of the reciprocal function 1/w,(J) satisfy the relations

4
1/wP(J) = 12911 0P (J), (6.17)

k=1
where ¢ =1,...,4 and the prime indicates that the term k& =7 should be omitted from the
product. We can now analyse the reciprocal function by applying the various hypergeometric

formulae for wy(J) to equation (5.17). For example, in the neighbourhood of J = o0 we find
from (5.12) that .

: 4
1/0(0) = 647 [oFi — i BT &I Pl s )] (5.18)
where |J] > 1
We can rewrite equation (5.18) in the alternative form
1/wP(J) = £(J)—1, ‘ (5.19)
TP .
where £(J) = 4J32 A i e ) (5.20)
ACEH VAL I
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and |J] 2 1. Itis clear from equations (2.14) and (5.19) that £(J) and its analytic continuations
define an algebraic schwarzian function of degree 12 whose branches satisfy the rational
relation '

J = E(8+£%)3/64(£2—1)°, (5.21)

The geometrical significance of this result is discussed by Klein & Fricke (189o, p. 104). If the
substitution J = J(7) is made in equation (5.20) then we obtain a modular function
£(J(1)) = £(1), which is a hauptmodul for the principal congruence subgroup I'(3). (An
explicit formula for £(7) is given by Klein & Fricke (1892, p. 375).)

The modular equations (2.19) and (5.19) enable one to write the order-parameter in the
form

R(r) =21 -1)/(°-11-0), (6.22)

where § = £(7) and { = {(7) are the hauptmoduls for the subgroups I'(3) and I'(5) respectively.
A striking feature of this result is that the factor groups I'/I'(3) and I'/I'(5) are isomorphic with
the tetrahedral and icosahedral rotation groups respectively.

It can be shown (Forsyth 19o2, p. 44) that any algebraic function of degree n must satisfy
a homogeneous linear differential equation of nth order. The differential equation for the
particular algebraic function 1/w4(J) can be determined by applying the recurrence relation
method (Guttmann & Joyce 1972) to the hypergeometric series in equation (5.18). In this
manner we obtain the fourth-order equation

72J%(J —1)Dy+12J(J — 1) (1J —4) Dy + 2(332J2 — 385J + 80) D%
+(16J—7)Dy—16y =0, (5.23)

where D = d/dJ and y = 1/w,. It is readily verified that the differential equation (5.23) is
a fuchsian equation (Ince 1927; Poole 1936) with three regular singular points at J =0, 1
and oo.

The Riemann P-symbol (see Ince 1927, p. 370) associated with equation (5.23) is

01 o
00 —1
Pl1 1 1 J.
B EUNE U U (5.24)
3 2 3
2 3 2
3 2 3

In this scheme the singular points are placed in the first row with the roots of the corresponding
indicial equations beneath them. For an arbitrary fourth-order fuchsian equation with =
regular singularity at J = oo and v regular singular points in the finite J-plane it can be shown
(Ince 1927, p. 371) that the sum of all the exponents in the riemannian scheme is an invariant
equal to 6(v—1). We see directly from (5.24) that the differential equation (5.23) has the
correct fuchsian invariant of 6. Finally, we note that the function [w,(J)]™® with a > 0 also
satisfies a fuchsian differential equation of fourth order when & =} and }. '

56 Vol. 325. A
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6. CLOSED-FORM EXPRESSIONS FOR R(Z)

The results given in §5 will now be used to derive various explicit formulae for the order-
parameter R(z’).

. (a) Formulae for 0 < 2z’ < z, ,

For this physically important case we find from equations (2.19), (3.4) and (5.3) that
352
Q,(z) ;
where J = (12)73Q3(2) /2’23 (2), (6.2)

R(Z) = [i(J%—l)*+{—(2+J%)+2(1+J%+J%)¥}¥]?2, (6.1)

and ,(z'), (i = 1,2) are the icosahedral polynomials defined in equation (2.24). The upper
and lower signs in (6.1) are valid for 6,(+) <z’ <z, and 0 <z < 6,(+) respectively,
where k _

0,(+) = —1(261+ 125+/5) +15(650 +290+/5)? (6.3)

is one of the zeros of the icosahedral polynomial €,(6), (see §356). When z’ = 0,(+) the
function J(z’) has the value J = 1, and it would appear from (6.1) that R(z’) has a branch
point at z' = 0,(+). However, we see from equation (2.23) that J(z’) has a minimum value
at 2/ = 04(+), and as a result the function R(z’) is in fact analytic at 2’ = 6,(+).

Hypergeometric representations for R(z) can also be obtained by using equations (5.9) and
(6.12). It is found that :

R(2) = [Q3(2) /() LA 12 55 T )17 (6.4)
where 0 <2z’ < 64(+) and the function J = J(z’) is defined in equation (6.2). In the

neighbourhood of the critical point z, we have the alternative formula

R(&) = 301 03 oAtk — 5 ) — Ll s

un»
S
-
S~—r

|

- [
—~
(=]
(=]
SN—

where 0,(+) <2’ < z.
The application of the quadratic transformation (see Erdélyi et al. 1953, p. 111)
H(ab;a+b+%;2) = ,F[24,26; a4 b+1;1-1(1—2)i] (6.6)
to equations (6.4) and (6.5) yields the further results
R(2) = [(2) /A LAGE § A-(2))], (6.7)

and
R(2) = 8°(2)}0)(2) 2'(2) LG — 4 § £.(2))
—3(2)IQi(2) 2:1(2) F B 15821 (6.8)
where | B:(2) =1410,(2) Q(2). (6.9)
These representations are of particular interest because they are valid for all values of 2’ in the
physical range 0 <z’ < z. It is also clear from equation (6.7) that R(z’) does not have a

singularity at 63(+ ). Finally, we note that the values of 8, (z’) and _(z") at the critical point
2z, are 0 and 1 respectively.
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(b) Formulae for —z, < Z<0

When —z, <2 <0 we find from equations (5.3), (5.5) and (6.2) that the analytic

continuation of the order-parameter R(z") can be written in the algebraic form
R (2') = 3%12|271(2) [+ (1 = I {(2+ ) + 2(1 + 4 JHy 2, (6.10)
where Ji = sgn (J) - |[JfF = — (12)71Q,(2) /12 }24(2). (6.11)
The upper and lower signs in equation (6.10) are valid for —z, <2z’ <6;(—) and

0;(—) < 2’ < 0 respectively, where

0,(—) =}—%(261—125\/5)—1“,—5(650—290\/5)* (6.12)
is one of the zeros of the icosahedral polyhomial £2,(6). The function J(z') takes the value
J =1 when 2z’ = 0,(—). However, the order-parameter R(z’) does not exhibit a branch-point

singularity at z’ = 04(—) because J(z’) has a maximum value at 6,(—). In the interval
—2, < 2’ <0 the function J(2) also has the value J = 0 at the two points

0,(+) = (57+251/5)—5(255+ 114+/5)}, (6.13)

where 0,(1) are zeros of the polynomial 2,(6), (see §35). We readily see from (6.11) that the
order-parameter R(z’) is an analytic function at the apparent singular points 2’ = 6,( 1), (see

§34d).
The results in §5 b enable one to derive various hypergeometric representations for R(z") that
are valid in the interval —z, < z’ < 0. For example, we find from equation (5.7) that

R = @/ A (p 555 125)| 6.14)

where (l—J)‘l = (12)s|z’|Q{(z’)/Q§(z’), (6.15)
and 6,(+) <z’ <0. In a similar manner we obtain from equations (5.13) and (5.14) the
further representations:
RY(2) =321 (2) LRG — b N+HRGES NS (6.16)
for values of 2’ in the interval 04(—) < 2z’ < 6,(+); and
R(2) = P10 ) LR — & N1 e

for the interval 8,(—) < 2’ < 6,(—). The functions Ji = Ji(z') and J = J(2’) in these formulae
are defined in equations (6.11) and (6.2) respectively. In the final interval —z, < 2’ < 6,(—)
we find by using (5.8) and (5.12) that

132 1 1 34 1\

= 96, - 28,4 \_ .2 -

R =P tole) 20— ()i (e B 5 )
(6.18)

where (1 —J)™! is defined as a function of z’ in (6.15). The representation (6.18) shows clearly

the confluent singularity structure of R(z') as 2/ >—z,+, and J->— 0.

The representation (6.17) becomes slowly convergent as z’ - 63(—). We can overcome this
. 56-2
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problem by applying the quadratic transformation formula (6.6) to the hypergeometric series
in (6.17). This procedure gives

RY(2') = 3*|21Q7"(2) LAG —§ & a.(2))]74 - (6.19)
where a,(2) = 14+112) 32103 (1) 2,(2). (6.20)

The transformed representation (6.19) is convergent for all 2z’ in the interval
0,(—) <2/ < 0,(+). It is also possible to apply the quadratic transformation to equation
(6.16).

All the hypergeomctric representations derived so far have a restricted range of validity in
the interval —z, <2z’ <0. We can improve this situation by first applying the cubxc
transformation formula (Goursat 1881, S137, equation (113))

(335 ) = t-sedl reghRGE § 00 (6.21)
to equation (6.14), where w, = w,(7) is the hauptmodul for the congruence subgroup I3(2) and
J = J(1) is the fundamental modular invariant. (For the interval —z, < z’ < 0 of interest we
must have 7 = 3+ §7*, with Re (7*) = 0 and Im (7*) > 0.) The quadratic transformation (6.6)
is now applied to equation (6.21), and an explicit formula for w, = w,(J) is derived by solving
the modular relation given in equation (2.14). This procedure finally yields the representation

RY() = -,—;%;;[F( LR (6.22)
where y R =11 4wyl (6.23)
_ __+aJ![( — D=1 A[1 =D+ 1] (6.24)

and the function J = J(z’) is defined in equation (6.2). The upper and lower signs in
this result are valid for —z, <z’ < ,(—) and 65(—) < z’ < O respectively, and we define
X3 = sgn (X) | XP.

The quantities £% provide one with a natural parametrization for the hard-hexagon model
for 2’ < 0, because the representation (6.22) is convergent for all 2’ in the interval —z, < 7 <0,
When 2’ ——2,+ the parameter £} >1—, and the hypergeometric series in (6.22) becomes
very slowly convergent. The singular behaviour of R(z) at z’ = —z, is associated with the
divergence of this series at £3 = 1. A similar mathematical mechanism is responsible for the
phase transition in the two-dimensional Ising model (Onsager 1944).

It can be shown by applying the transformation 7 = }+}7* to the modular equation (2. 21)

that n(r) = —4R(7%) K ()T, | (6:25)
where k(7*) in the standard elliptic modular function and #’(7*) is the complementary

modular function. If this result is substituted in equation (6.23) we readily see that the
quantities £% can be written in the modular form &% = k?(7*) and k2 = [£'(1*)]%
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ON THE HARD-HEXAGON MODEL 671

7. GRAND PARTITION FUNCTION FOR 0< 2z <z,

When 0 < z’ < z,, Baxter (1980) has shown that for a large lattice the grand partition
function per site = of the hard-hexagon model has the parametric representation

© (l_vxSn—z) (1 x:!n—l) (1 xbn—) (1 xﬁn 2) (1 xbn)z
e (1 xsn) (1 x n—4) (1 5n—1)3

(1.1)

© (l_xsn—d)ﬁ(l_xﬁn-l)ﬁ
iy (l_xbn-s)b(l_xbn—z)ﬁ’

Z(x)=x (7.2)
where 0 < x < 1. The elimination of the parameter x from these two equations gives the grand
partition function £ as a function of z’. We shall denote this explicit function by Z,(z’).
Our aim in the present section is to show that there exists a surprisingly simple algebraic
relation between the grand partition function £, (z’) and the order-parameter R(z’). We shall
then use the results derived in the previous sections to investigate the properties of Z,(z’).

(a) Relation between Z,(2') and R(Z')
We begin by substituting the product identities

o B8\ {4 _ L Bn—2\ { _ ,En\ _ o (1—=x")
nI;Il (1 X ) (1 X )(1 X ) - nI:[l (l_xsn-4) (l_xsn—l) (7'3)
[+ ] 0
and I'Il(l—xa”") (1—4%"1) = H1 (1—x") (1—4%")"1 (7.4)
n= ne=
in equation (7.1). In this manner we obtain
_ d 1—x
‘:”2( ) H (1 xsn) (1 (x5n-4))10(1 xsn—l)lo (75)
Next we use (7.2) and (7.3) to write the formula (7.5) in the form
» 1—x"\12 /1 — xBn\10
==y (i) () 7.6)

We can now apply the definitions (2. 12) and (2.13) to the expression (7.6). This procedure
gives
B = 270}/ [5%(2) 0y, (7.7)

where w; = w,(7) and w; = wg(1) are the hauptmoduls for the congruence subgroups /;(3) and
I,(5) respectively. We obtain the required relation between Z,(z’) and R(z’) by eliminating
w; and wj from the formula (7.7) by using the order-parameter equation (3.4) and the modular
equation (2.19) with 6 = z’. The final result is

EL(2) = (2)3Q(2) R (2), (7.8)

where 0 < 2’ < z,. This algebraic relation will form the basis for our analysis of the properties
of Z,(Z).
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(b) Algebraic equation for =, (2)

If we use the relation (7.8) to eliminate the order-parameter R from equatlon (3.13) we find
that £, (2') is a solution of the algebraic equation

f2,y) = (2)Q21°(2) y* — Q4(2') [14582'Q3(2') + 23(2) ] 4°
' —319[24302°Q5(2') + Q2(2') ] * — 822, (2') y—3¥ = 0, (7.9)

where y=E°. (7.10)
The resultant polynomial in z’ for this quartic equation is found to be

Res (f,3f/dy; y) = —3%(2)*21"(2') 23(2) P3(2), (7.11)
where

B(2) = 8[(2')* +1]+3789[(2') " — 2] + 1768827[ () + (2')?]
—89060175[(2')° — (2)*] +740910450[(z')* + ()]

—401086467[(z')"— (2')*] + 982326 229(z")°. _ (7.12)
We see from this resultant and the known analytic properties of the ordcr-paramctcr that the
algebraic function Z¢(z’) has proper singular points at z’ = 0, 0, z; and —z,, and apparent

singular points at the zeros of the polynomials £,(z") and P (2').

It follows from the algebraic equation (7.9) and the work of Forsyth (1902, p. 44) that the
function £¢(z’) must satisfy a homogeneous linear differential equation of fourth order.
Unfortunately, it has not been possible to determine the detailed form of this differential
equation because of the formidable amount of algebra involved in its derivation. However, one
would expect the differential equation to have a complicated structure with four regular
singular points in the z’-plane at z’ = 0, o, z, —z, and at least 16 apparent regular singular

points (see Poole 1936, p. 68) at the zeros of the polynomials £,(z) and A (z’).

(¢) Closed-form expressions for ., (2")

An algebraic formula for Z,(z’) follows directly from the relation (7.8) and equation (6.1).
We find that ‘

B (2) = 3(2) Q%) [+ (S-1)i+{— @+ +2(1+ T+ TBIE, (7.3
where the function J = J(2’) is defined in (6.2), and the upper and lower signs are valid for
0,(+) <z’ <z, and 0 < 2’ < 04(+) respectively.

The behaviour of Z,(z) in the neighbourhood of z = 0 may be established by using (7.8)
and the hypergeometric representation (6.4). In this manner we obtain

=
=}

(@) = @)} A LAGEHH I (7.14)
where 0 < 2z’ < 6,(+). The application of (5.9) and (5.18) to the hypergeometric function in
this result ylelds the alternative formula

E.(2) = @)03(2) A2 LFiG — i 3 ) =&/ PG s 5 I, (7.15)

where 0 < 2’ < 6,(+). It follows from (7.15) and a theorem of Appell (1880) that the function
Z,(z’) must also satisfy a homogeneous linear differential equation of fourth order with
polynomial coefficients.
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ON THE HARD-HEXAGON MODEL ‘ 673

In the neighbourhood of the critical point z, we can use equations (7.8) and (6.5) to obtain
the representation

E.2) = BOH) WAG —d 5 T -V R G A T, (7.16)

where 6,(+) < 2’ < z;. If we take the limit 2’ — z —, the function J(2’) tends to + 00, and (7 16)
gives

E,(z) = :m-%(zc) = (27v5/125zc)% (7.17)

which is in agreement with the work of Baxter (1980). The application of equation (5.12) and

the reciprocal relation (5.17) to the representaﬂon (7.16) enables one to completely resolve the
confluent singularity structure at z, into the additive form

E(2) = Yol) +[1~ (/2 W (2) + 11~ (/2T (2), - (7.18)
where ,
) = $0) LR G s kT EG B S I,
¥a(2) = 34 )*(1-’*"2'2’)’9"(2) Ro—t6 I ) AGE S J")]* S (119)
Ya(2) = 3Hz >*<1 +2 PN LR G 0
and G,(+) <2
It is clear that the functions ¥,(z'), (i =0,1,2) are analytic at the critical point z, and
therefore can be expanded as Taylor series about z,. From these expansions and equation
(7.18) we find that ‘

5, () = B, (2) [1+3(— 1+ v5) £ +3(t) +§(19—54/5) ()2 +10(— 1 +2+/5) (£)}
+5(—59+404/5) (¢)*+9(r) ¥ +§(339—55+v/5) () ¥ +§(1763 —555+/5) (1)*
+3(—5413+/5) () ¥+ &(— 167024 16345+/5) &+ 0(()%)], (7.20)

where Cr=5T1—(2/2)], (7.21)

and ¢ 2 0.

Finally, it should be noted that the range of validity of the hypergeometnc representations
(7.14), (7.15), (7.16) and (7.19) can be extended to 0 <z’ <z, by using the quadratic
transformation (6.6). o '
(d) Properties of InE,(2')

The thermodynamic properties of a lattice gas system can usually be expressed directly in
terms of the reduced grand potential I'= In = (see Gaunt & Fisher 1965; Gaunt 1967). For
the hard-hexagon model we see from the relation (7.8) that

paofks T=T,(2) =nE,(Z) =—}In(2)—}In[1—112—(2)*] +}InR(Z), (7.22)

where p is the pressure of the lattice gas, g, is the area of a unit cell in the lattice and
0 <z’ < z,. It is also convenient to introduce the modified reduced potential

, Iyz)=I(2)+3In(2), 3 : (7.23)
where 0 < 2’ < z,.
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The modified potential (7.23) is an analytic function at z’ = 0, and we can therefore expand
it as a Mayer-type series
i) =13 %@y, (7.24)
3,51
where 0 < z’ < z,. (In the notation of Gaunt & Fisher 1965 we have G, = 3/b;.) To determine
the integer coefficients G, we first use the results in table 2 and the identity

InR(Z) = In [ go r,,(z')"] - ,% % ()} (7.25)

to generate the set of cdeﬁicients {L;}. The substitution of this identity in equation (7.22) then
yields the relation

G, =§H,—9L), (>1) (7.26)
where the coefficients H, satisfy the recurrence relation
H, —11H—-H_ =0 (122) (7.27)

with the initial conditions H, = 11 and H, = 123. A list of the coefficients G, obtained by using
(7.26) is given in table 4 for | < 24. For large values of n this procedure becomes numerically
ill-conditioned, because H, ~ 9L, as [ c0.

TABLE 4. COEFFICIENTS G IN THE EXPANSION (7.24)

I G,
1 1
2 3
3 16
4 107
5 806
6 6534
7 55679
8 491923
9 : 4466824

10 _ 41441118

11 391183255

12 | 3745534346

13 36293268662

14 355253577675

15 3507807526121

16 34899845984 947

17 349541143227319

18 3521491734372588

19 35663981440936927

20 362887730308910042

21 3708116440249430666

22 38036506785075251 247
23 391529796047179549874
24  4043113138126578563002

The behaviour of I', () in the neighbourhood of the critical point z, may be derived directly
from (7.20). In particular, we find that
L(2) = I(z) +§(— 1+ /5) £ +3(¢) +§(23—5v/5) (1) +5(—1+5/5) (¢)}
+5(—62+554/5) (£)*+5(¢)¥+12(78—54/5) () +§(2667—615+/5) (¢)*
+38(—1+5/5) () ¥ +5(—24284 5995+/5) ()% + O((¢)®). (7.28)
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ON THE HARD-HEXAGON MODEL 675

An alternative approach is to evaluate the logarithm of the expansion (3.43), and then use the
relation (7.22). This indirect procedure prov1des one with an excellent check on the accuracy
of (7.28). :

We can derive an asymptotic representation for the series coefficients G, in equation (7.24)
by applying the Darboux theorem (see Ninham 1963) to the critical-point expansion (7.28).
The final result is ‘

2\/5(20)"[ 45 14VE T 1 22 182 T(H 1 117045 } %
v~ osr@ £ |1 a5t Y 315 (@) B 20252 T3375 T'@) B 136687sr T (129

as |- o0, where I'(x) denotes the gamma function. This asymptotic representation gives a very
accurate approximation for G, when [ is small. For example, if the asymptotic value for G, is
rounded to the nearest integer one obtains the exact value for G,, provided / < 7! This result
provides, at least for the hard-hexagon model, a precise justification for the series analysis
method for investigating critical behaviour (Gaunt 1967). When n = 24 the representation

(7.29) gives
G, ~ 4.04311279 x 10%,

which is in excellent agreement with the exact value in table 4.

8. MEAN DENSITIES FOR 0 <z’ <z

When 2’ < Z, the hard-hexagon model undergoes an ordering process in which the particles
preferentially occupy one of the three basic triangular sub-lattices S, S,, S, in the triangular
lattice. We can gain insight into this phenomenon by studying the behaviour of the mean
number density p,(z") on the sub-lattice S;, where £ = 1,2, 3. For convenience we shall assume
that S, is the preferred sub-lattice, so that at close-packing (z' = 0) we have p,(0) = 1 and
p2(0) = pg(0) = 0. It should be noted that the sub-lattice densities satisfy the relations

P1(Z) # po(2) = ps(2), (8.1)
R(Z) = py(2') = pa(2) = py(2') = ps(2), (8.2)

where 0 < 2’ < z.
The mean number density p(z’) for the whole lattice is given by the thermodynamic
equation

AU A
p() =z gz—,mz ) (8.3)
where the reduced grand potential I, (z') is defined in equation (7.22). We can also write the
density p(z’) in the form iy N , ,
p(2') = 5lp1(2') + po(2) + p4(2)]. (8.4)

It follows from (8.2) and (8.4) that the sub-lattice densities can be expressed in terms of R(z’)
and p(z’). In particular, we have the relations

pu(2) = pule) = p(2) 4 R(z'),} |
p(2) = p(2) +R(Z).

Our main aim in the remainder of this section is to determine the properties of p(z’). We shall
then use (8.5) and the known results for R(z") to analyse the behaviour of p, ('), £ = 1,2,3.
57 Vol. 325. A

~ (8.5)
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(a) Hypergeometric representations for p(z’)

To determine p(z’) we first use equations (2.22) and (7.14) to write the reduced potential
(7.22) in the hypergeometric form :

11(2')=—%IH(Z')+%IH('12)—%1n[1—112 ~@-WEGE S D], (86)

where I=1(z') =1/J(z'), and 0 <z’ < 04(+). We now evaluate the derivative in the
thermodynamic formula (8.3) by applying the standard result (Erdélyi et al. 1953, p. 102)

SRR b6 D] = al Rt e D), (8.7)

and the elegant relation
2 dl _ 4(2)
Tdz - @ (2) 2,(2)° (8:8)

In this manner we find that
p(2) = 15[1—662"—11(2")*] [2, ()17 +12,(2) [2,(2") 2,(2)]*

X [R5 D/ ARG 5D (89)
where 0 < 2’ < 6,(+). _
A considerable simplification of the result (8.9) can be achieved by considering the
properties of the hypergeometric differential equation

o 9% dy_ .
I(l—I)aF+[c—(a+b+1)l]d—l—aby—O, (8.10)
with a = §, 6 = —f5 and ¢ = £. In the neighbourhood of I = 0 this differential equation has two
independent solutions,
nd) =BG —&50) (8.11)

and vI) = BE G 53 % 1). (8.12)
If we define the function Y(I) = y,(I)/y,(I) then we can write '

dY/dl = —[4,(1)]7* W (31, 92), (8.13)

where W(y,, y,) is the wronskian for the solutions y, and y,. The application of the Abel
formula (Poole 1936) to (8.13) gives

dY/dl = — [y, (D31 —1)5, (8.14)

We now use the function Y(I) and equation (5.9) to express the relation (5.19) in the
alternative form

64[THF (4,5 & 1)) = 64[¥Y(1)]*— 1. | (8.15)

Next we differentiate (8.15) and apply the formulae (8.7) and (8.14). This procedure yields the
unusual hypergeometric identity

LEGESD/AGE S D] = 1-D3LEG —& 3 D)™ (8.16)
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ON THE HARD-HEXAGON MODEL 677

The substitution of this identity in equation (8.9) gives the required simplified result

p(2) = &[1-662'—11(2)%] [@,()] +H[Q}(2) /()] LR G — 4 T (8.17)

where the function J = J(2’) is defined in (6.2), and 0 < Z < O;(+).
It is possible to extend the range of validity of the representation (8.17) by using the
quadratic transformation (6.6). We find that

p(2) = F[1-662'—11(2)?] [2,(2)]7 +124) /() LAG 4 % A-(2))]%  (8.18)

where g_(2’) is defined in (6.9), and 0 < 2’ < z.. It is also interesting to note that the Clausen
theorem (Erdélyi ¢t al. 1953, p. 185) ' ‘

[F(a,b;a+b+3; 1)1 = F(2a,a+5,2b; a+b+3,2a+2b; 1) (8;19)
enables one to express the representation (8.17) in terms of a generalized hypergeometric
function. ; B

(b) Properties of the density p(2’)
We see by inspection of the basic result (8.17) that p(z’) can be expanded as a Taylor series
about z’ = 0. The detailed form of this expansmn is readily obtained by using equatxons (7.24)

and (8.3). We find

o) =3[1-2 G,<z'>'], 20

where |2'| < z,. An asymptotic representation for the coefficients G, is given in (7.29).

The behaviour of p(z’) in the neighbourhood of the critical point z; may be established by
comparing the representation (8.17) with equations (5.13) and (5.14) for the branches of the
algebraic function w,(J). In this manner we obtain

p() = $[1—662' —11(2')%] [2,(2)]7 +H[24(2)/2,()] |
xLAG —fh I+ REGE ST, (821

where 6,(+) < 2’ < z,. It follows from this result that p(z’) exhibits a confluent singularity at
z, of the type :

p(2) = $o(2) + (1~ (2/2)P1(2) + [1 = (2 /2], (2), (8.22)

where

Bo(2) = H{1— 662 — 11(2)1][2,(2)] +224() [24() ] LAEG — & 1 T ],
$1(2) = @R+ 2)WMQ(2) ] HEG — i 5 T Bl i & T, (8.23)
$o(2)) = 3(2 (1 +2,2)HR2(2) 1 LE G 553 & T ]

and 6;(+) < 2’ < z,. When 2’ = 2, the function ¢,(z") has the indeterminate form ‘0/0’, and
we must write
p(z) = lim ¢o(2) =&(G—v5). (8.24)
2'>zo— .

57-2
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~ The products of ,F functions in (8.23) can all be expressed in terms of ,F, generalized
hypergeometric functions (see Erdélyi et al. 1953, p. 185). In particular, we find

[2 (i_ 1 % J_ )]2 (29 (lss —%a %a %, J-l),.
2Fl(%a _Tlf; §; J_l) 21;;(711' "7? J_l) = F(E’E’E,% 3 l)s (825)
[2 (% l2 J_l)]2 %a%’%’ %a%a J- )

where |J] 2 1. It is also possible to extend the range of validity of the representation (8.22) to
0 < 2’ < z; by applying the quadratic transformation (6.6) to equation (8.23). The expansion
of the formula (8.22) in powers of the variable (7.21) is most easily derived by using equations
(7.28) and (8.3). The final result is

p(&) = $(5—v5) + X2 (N1 4 (25— 4v/5) (1) (25— v5) (1)1 + 22 (0
+2(108+/5—125) ()} — 4 (831/5—25) (¢)* + (175~ 13v/5) ()
+ﬁ5(16775—4621\/5) (t’)'fl-lj o((¥)%), | (8.26)

where ¢ 2 0.
An algebraic closed-form cxprcssxon for p(2’) is readily obtained by comparing (8.17) with
the identity (5.16). It is found that

p(Z) = 15[1—-662"—11(2)"] [2,(z)] "+

LSt
(12)%[2 /€,(2)] |
x [+ (S-D)i+{@Ji+1)+2(1+Ji+ THBY,  (8.27)

where the function J = J(2’) is defined in (6.2), and the upper and lower signs are valid for
0 <2 < 04(+) and Oy(+) < 2’ < z. respectively. We see from equations (6.1), (7.13) and
(8.27) that the quantities R(z’), £, (z") and p(z’) are all expressible in terms of the various
branches of the algebraic function wy(J).

It can be shown by using (5.4), (5.13) and (8.17) that the mean number density p(z’) is a
solution of the quartic equation

AZ,p) =802,(2') p* —[1—662'—11(2")*] p* — 152’ (3+2') p*+ 32’ (4+32") p—2'(1 4+ 22") = 0,
(8.28)
where 0 < 2’ < z,. The resultant polynomial in z’ for this quartic equation is

Res (f,9f/0p, p) = —81(')*Q1(2). - (829

It follows from (8.29) that the algebraic function p(z’) has singular points in the finite z’-plane
at 2’ = 0, z, and —z,. The algebraic equation (8.28) is of considerable importance because it
can be used to determine the inverse function z’ = z’(p).

(¢) Sub-lattice densities

Most of the properties of the sub-lattice densities p,(z’), £ = 1,2,3 can now be established
by applying the known results for p(z’) and R(z’) to (8.5). Because this procedure is very
straightforward we shall not give any further details of closed-form expressions or series
expansions for p,(z'), k = 1,2.
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ON THE HARD-HEXAGON MODEL 679

From the work of Baxter (1982, p. 437) we find that the sub-lattice densities p, and p, have
the parametric representation

Po(7) = py(7) = *H(x) H(x*)/[G(x) G(+°) + x*H(x) H(+°)], (8.30)

where G(x) = fo'[ [(1=x5""%) (1 —5""1)]71, (8.31)
H(s) = T {127 (1=2"0], (8:32)

and x = exp (2rir). If the Ramanujan identity
G(x) G(+°) +#°H(x) H(x*) = [Q(x*)]*/[Q(x) Q(+*)], (8.33)
where Q(x) = ﬁ (1—=x"), (8.34)

n=1

is applied to (8.30) we see that the densities p, and p; can be written in the simplified product
form (Baxter 1982) :
po(7) = ps(7) = x*H(x) H(x") Q(x) Q(«*)/[Q(+*)]*. (8.35)
The striking identity (8.33) was first given without proof by Ramanujan in an unpublished
manuscript (see Watson 1933; Birch 1975). A proof of the identity was later published by
Rogers (1921).

In the remainder of this section we shall use (8.30) and the theory of modular functions to
derive an algebraic relation for the density functions p,(z’), £ = 2,3. We begin by expressing
equation (8.30) in the alternative form

p* = p*(r) = {(7) £(97), (8.36)

where p* = py/(1—p,) = ps/(1—ps), (8.37)

and {(7) is the hauptmodul defined in equation (2.17). It can be shown that the two functions
{(7) and {(nt), where n = 2,3,4,..., are connected by an algebraic modular equation (see
Klein & Fricke 1892; Rogers 1921; Mordell 1922; Watson 1939). For the case n =9 the
detailed structure of this modular equation can be extracted with some difficulty from the work
of Klein & Fricke (1892, pp. 137-139 and pp. 150, 151). The final result is

(Qo_‘_go) (1 _§1 gs"”g g:) +3§1 gs(ﬁ"”g) (3+4§1 §9 - 10& gg
+100 G- 401G — 30 8) — 6 6(1 - 6,6 + 105 6 — 4561 £+ 1088:
=210 (5 +1080 (i — 450 T+ 105 -0 6+ 6° &°) = 0, (8.38)

where ¢, = {(7) and §, = {(97). The required algebraic relation for p,(z’), £ = 2,3, can now
be derived by substituting (3.5) and (8.36) in (8.38). We find that :

A2, p,) =322(2) pit—8Q,(2') [1 —662"— 11(2')*] pi* + [1 —2672" + 5774 (2’)*
+2082(2')7 + 166(z)4] 10+ 52’ [ 18— 18472’ — 879(') *— 101(2')*] pt.
+452'[1+2162"+127(2') 2+ 23(2')®] p§ — 62/ [T+ 11722' + 754(2")®
+251(2)] pl +32'[3+ 11852 +599(2’)* + 532(2')] p¢
—18(2)¥[T1—112'+69(2') %] pt + 15(2')*[28 — 432" +47(2")*] pi
—15(2')%[6—282"+19(2") %) p} + 3(2')*[4 — 292" +26(2")*] p}

—(2)[1=97 +13())%] p+ (2)* = O, (8.39)
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where £ = 2, 3. This algebraic relation is much more complicated than the corresponding result
(8.28) for the total density function p(z’).
The resultant polynomial in z for equation (8.39) is found to be

Res (£, 3f/0p, pi) = —3%(2)*°Q}(2) P3(2") P3(2), (8.40)
where B(Z) = (2)*4+4(2)*+46(2)*—4() +1, (8.41)

B(Z') = [(2')®+1] —33456[(z')"— (/)] —1 511 028[(2")* + (2)*]
— 44420808[(2)* — (2)*] — 104379930(')%. (8.42)

It is readily seen that the zeros of the polynomials F,(z") and F,(z’) must be apparent
singularities for the algebraic function p,(z’), (k = 2, 3).

The derivation of an algebraic equation for p,(z’) is difficult because p,(z’) does not appear
to be expressible in terms of a single hauptmodul. However, we can obtain a relation
flz’,py, R) =0 by making the substitution p = p,—2R in equation (8.28). We can then
eliminate the order-parameter R from this relation using equation (3.13). In this manner
we obtain an extremely complicated algebraic equation of the form

48
T oy(2)pi=0, (8.43)
{,7=0

where {c;} is a set of integers. It is not feasible in this paper to list the values of the
coefficients c,;.

9. [SOTHERMAL COMPRESSIBILITY FOR 0 <z’ <z
We shall now use the results derived in the previous section to analyse the properties of the
reduced isothermal compressibility (see Gaunt & Fisher 1965)
k1 = kg Tpky = —(2'/p) (dp/d2) (9.1)
in the z’-plane.
(a) Closed-form expressions for k3 (2")

We can determine the derivative in (9.1) by first writing cquatidn (8.9) in the alternative
form
’ 1 ’ ”ne ’ 7n21-1 3% %! ’ ne1-3
p(2) = 15[1—662"—11(2")*][1 — 112" — (2)?] +E(z i[1—112"—(2')*]"¢
X [P(1=DHA G {5 8 DA G 5 D17 (9.2)
where I=1(z') = (12)32/23(2")/Q3(2), (9.3)

and 0 < 2z’ < 65(+). Next we apply equations (8.7), (8.8) and the hypergeometric relation
(Erdélyi et al. 1953, p. 102) '

d -a a+b—c c—a | a+b—c—
T A=D)*% R (a b5 ¢ D] = (c—a) P (A=) L F (e~ 1, b5 ¢, 1)  (9.4)


http://rsta.royalsocietypublishing.org/

y A\
l B

THE ROYAL A
SOCIETY

PHILOSOPHICAL
TRANSACTIONS
OF

V am ©

THE ROYAL A
SOCIETY

PHILOSOPHICAL
TRANSACTIONS
OF

Downloaded from rsta.royalsocietypublishing.org

ON THE HARD-HEXAGON MODEL 681
o (9.2). In this manner we obtain the basic result
48p(2') [1—112"'— (2)*]%k3(2') = — [1 + 82" +414(2")*—8(2)* + ()]
—2[1+ @)1 24 BG —%: & DI
+3Q,(2) AG — 155 5 DY, (9.5)

where 0 < 2’ < 6;(+), and the function p(2’) is defined in equation (8.17).
The range of validity of (9.5) can be extended by using the quadratic transformation (6.6).
Hence we find that

l-‘l._

48p(2) [1— 112 — (2)2]%kE(2) = —[1+82 +414(2')2—8(2)*+ (2')4]
—2[1+ ()1 24(2) [,
+32,(2) LAG —% 5 B-(2))]% (9.6)

where 0 < 2’ < z;, and the function 8_(Z’) is defined in equation (6.9). An algebraic closed-
form expression for k% (z’) can also be derived by applying the relation (5.16) to equation (9.5).
This procedure gives

144p(2') Q3(2') k%(2') = —3[1+82'+414(2")*—8(2")*+ (2')*]
—2[1+ ()1 Q4) (£ A— I+ [+ T +2(1+ B+ IhiT
+Q,2) (£ 1=+ [+ +2(1+ B+ IHRe, (9.7)
where the upper and lower signs are valid for 0 < 2’ < €;(+) and ,(+) < 2z’ < z respectively,
and the function I = I(2’) is defined in (9.3).

Finally, we note that if (8.17) is used to eliminate the ,F function from (9.5) we obtain the
further simple relation

3[1—112"— (2')*] k% (2') = —[1—832'—5(')?]+ 3[1 — 112 — (2')*] p(2) = 22'[3+ 2] [p(2)] .
9.8)

The elimination of p(z’) from equations (8.28) and (9.8) yields an algebraic equation
2, k%) =0 for k%(2).
(b) Expansions for k%(2') about 2 = 0 and z,
It follows from the definition (9.1) and equation (8.20) that we can expand «}(z’) in the
form

k5(Z) = 3 D, ()", (9.9)

n=1
where || < z,, and D, = 1. The coefficients D, satisfy the recurrence relation

n-1
D,=nG,+ X G,D,_, (9.10)
I=1
where n > 2, and the coefficients G, are defined in table 4. A list of the coefficients D, obtained
by using (9.10) is given in table 5.
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TaBLE 5. COEFFICIENTS D, IN THE EXPANSION (9.9)

n D,
1 1
2 7
3 58
4 523
5 4946
6 48202
7 479543
8 4842795
9 49465480
10 509778772
11 5291515351
12 55251365026
13 579764738372
14 6109170895765
15 64 606835249033
16 685385220087771
17 7290937787914 105
18 77747409201051916
19 830857 606644275251
20 8896265 387269 157 608
21 95421472378525391450

22 1025109615598963 363 201
23 11028552403636517493236
24  118805599267206863 067378

An expansion for k5 (z’) about the physical singularity z, may be readily derived from (8.26)
and (9.1). The final result is

K3(Z) = £ (6+v5) () H1—(¢)—F(1+v/5) ()}
—£(25—5v/5) £ +3(9—+/5) (¢)i+3(33+/5) (1)}
—L(—93+2214/5) (£)2—1(41—34/5) (£')}+& (— 349+ 1009+/5) (¢)}
—1:(13723—2323v/5) ()2 +...], (9.11)

where ¢’ is defined in (3.36), and ¢ 2 0. If the Darboux method is applied to this expansion we
obtain the asymptotic representation

D, ~ (1/15) (1+v/5) [T @)1 (z0)"n {1 +(1/30) (1 ++/5) [T G) /T (})] ot
—(1/18) (83—+/5) n*+ (1/3375) (35+91+/5) [T }) /T (3)] n}
— (16/2025) (1 +3+/5) v~ — (7/303750) (— 1023 +573+/5) [['3)/T'(%)] n}
—(1/1366875) (45045+278414/5)n2+.. .}, (9.12)
as n—> 00. When n = 24 the representation (9.12) gives
D,, ~ 1.1880571 x 10%,

which is in good agreement with the exact value in table 5.
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ON THE HARD-HEXAGON MODEL 683

10. ANALYSIS OF PROPERTIES IN THE p-PLANE

In the previous sections we have analysed the properties of the hard-hexagon model as a
function of the reciprocal activity z’. Our main aim in this section is to use the inverse of the
density function p = p(2’) to establish the behaviour of the model in the p-plane. We shall find
that the thermodynamic functions for the hard-hexagon model are surprisingly simple when
expressed in terms of p.

(a) Inverse function z' = 2’ (p)

It is readily seen from equation (8.28) that the inverse function z’ = z'(p) satisfies the
quadratic equation

(2)2(2—3p) (1—p)*+2 (1 —12p+45p* —66p° +33p*) +p%(1—3p) = 0. (10.1)

This equation defines a two-branched algebraic function that has singular points in the p-plane

N p=h(6LV5),HBL V)L 1. (10.2)
From (10.1) we find that the required physical branch of this algebraic function is given by

Z(p) = —5(2—3p) (1 —p)°[(1—12p+45p* — 66p° + 33p*)
+(—145p—5p3)i(—1+9p—9p%1, (10.3)

where p, < p <1}, and p, = %(5—+/5).
Hunter & Baker (1979) have shown that if a function w(x) is a solution of the quadratic

equation
Pv*+Quw+R=0, L (10.4)

where P, @ and R are polynomials in x, then w(x) also satisfies the first-order inkomogeneous
differential equation
(PQ*—4P'R) '+ (2P°R'— PQQ’'+ P'Q*—2PP'R) w+ (P QR—2PQ'R+PQR’) = 0, (10.5)

where f” denotes the derivative df/dx. The application of this general result to (10.1) yields the
following differential equation for the function z'(p):

(2—3p) (1—p) (1—9p+9p%) (1—5p+5p?) (d2'/dp)
+3(5—50p+149p% — 178p% + T5p%) 2/ +6p*(1—2p) = 0. (10.6)

If we make the substitution ) ,
p=11-p) (10.7)

in equation (10.6) we can derive a Taylor series representation for the function (10.3) in
powers of p’ about the maximum close-packing density p = 3. We find that

Z(p) = U (o), (10.8)

n=1 :
where 1P < 5(—5+3+v/5), (10.9)
and the coefficients U, satisfy the recurrence relation
2nU, —3(3n—10) U,,_f- (19n—48) U, _,+ (11n—96) U, _3;+39(n—6) U, _,
+25(n—6) U,_s+5(n—6) U,_ = 26, ,—60, ;+40,,, (10.10)
58 Vol. 325. A
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TasLE 6. COEFFICIENTS U, IN THE EXPANSION (10.8)

n U,
1 1
2 -3
3 2
4 —2
5 -2
6 —-10
7 -39
8 —163
9 —707
10 —-3161
11 —14498
12 —67920
13 ; —323949
14 — 1568951
15 —7699915
16 —38226703
17 —191709913
18 —970095525
19 —4 948269255
20 —25421587417
21 —131448790609
22 — 683678526053
23 —3574873934283
24 —18783833530317

withn > 1,and U_,, = 0 for m 2 0. A list of the coefficients U, that was generated by using the
relation (10.10) is given in table 6 for n < 24. The first few coefficients U,,..., U, were
calculated by Gaunt (1967). We can also determine the coefficients U, by reverting the series
(8.20).

The series representation (10.8) exhibits a branch-point singularity on its circle of

convergence at _
p. = (1=3p,) = &(—5+3v/5). (10.11)

We can establish the detailed behaviour of z’ in the neighbourhood of this singularity by
deriving the series solution of the differential equation (10.6) about p” = p;. In this manner we
find that ‘

Z/z = &(p') — EHVE—1)’[1 = (0'/p) T (o), (10.12)

where the functions £,(p’) and £, (p’) are analytic at p” = p, with Taylor series representations

(') = 1+ (15=Tv/5) [1—(p'/p,)]* + 5 (505 —226+/5) [1 — (p'/ p;) ]
+ 25 (2965 —13264/5) [1 — (0’ /pe)]* + 133 (66 125 —295724/5) [1— (o' /p)1* + ...,
(10.13)
and
E(p') = 1+(7/16) (3—v/5) [1~ (¢'/ )] + (1/768) (10267~ 4583/5) [1 — (¢'/p))]"
+(1/27648) (2271541 —1015796+/5) [1— (p"/pi)]®
+(1/1769472) (1016119447 —454422541/5)[1— (p'/p)]*+....  (10.14)
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ON THE HARD-HEXAGON MODEL 685

The application of the Darboux theorem (see Ninham 1963) to the singular part of the
expression (10.12) enables one to obtain the following asymptotic representation for the series
coefficients U, in equation (10.8):

U, ~—(125/4) (5/3n)}(p.)* "nt[1 + (5/32n) (—9+7+/5)
+ (35/3072n%) (9271 —4163+/5) + (35/24 5761%) (— 1653610+ 737777+/5)
+(231/9437 184n%) (3638438987 — 1627519 145+/5) +...], (10.15)

as n— 00. This formula, in contrast with the expansions (3.46) and (7.29), does not give a good
approximation for the first few coefficients U,, ..., U;. However, when n = 24 the representation
(10.15) gives '

U,, ~ —1.878399 x 103,

which agrees reasonably well with the exact value in table 6.

(b) Isothermal compressibility k. (p)

We shall now use the results derived in the previous section to analyse the properties of the
reduced isothermal compressibility % in the p-plane. First we substitute equations (9.1) and
(10.3) in the differential equation (10.6). This procedure gives

[kF(p)]™* = 3(1—3p)™*(2—3p) "} (1—p)'[(—1+5p—5p”)
+(1—2p) (—149p—9p%)H(—1+5p—5p2)i], (10.16)
where p, < p < 3. From this result we readily obtain the basic closed-form expression
1 1
k1 (p) = -1—5;[(1—2/’) (—1+9p—9p*)}(—145p—5p?) F—(—1+9p—9]. (10.17)
It follows from (10.17) that the algebraic function k% (p) is a solution of the quadratic
equation
45p(1—5p+5p”) (k1)*—6(1 —9p+9p®) (1—5p+5p®) k3
+(8p—1) (83p—2) (p—1) (1—9p+9p%) =0. (10.18)

If we compare (10.18) with the general equation (10.4) we see that k5 (p) satisfies a first-order

differential equation of the type (10.5). We can use this differential equation to expand formula

(10.17) in powers of p’ = 1—3p about the close-packing density p = }. The final result is
kt=Z L) Ipl<p |  (10.19)

n=1
where the coefficients ¥, satisfy the recurrence relation
nV,—bnV,_,—(9n—30) V,_,+ (21n—60) V,_,+ (170—90) V, _,
—(15n—60) V,_s—(10n—60) V,_

= 87;, 1— 261;, 2 387;, 3 + 58n, 5 + 687;, 6 + 28;;, 7 (1020)
58-2
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with the initial conditions ¥, = 0, m = 0,1,2,.... In a similar manner we find that 1/«¥ can
be expanded in the form

/x5 = ()T Z W,(p)" 0<Ip’l<p, (10.21)

n=0

where the coefficients W, satisfy the recurrence relation
2nW, — (5n—8) W,_,— (3Tn—104) Aw;,_z —(2Tn—114) W,_;+ (61n—236) W, _,
-+ (103n—494) W,_, + (55n—300) W, _+ (10n—60) W, _,
= —50, ,+300, ,+ 153, ,—808, ,— 1658, ;—1508, (—508, ,, (10.22)

with the initial conditions W, =1, and W_, =0, m=1,2,.... A list of the coefficients W,
obtained by using (10.22) is given in table 7 for n < 24.

TABLE 7. COEFFICIENTS W, IN THE EXPANSION (10.21)

n W,
0 1
1 —4 .
2 =2
3 -10
4 —-34
5 —-134
6 —572
7 —2580
8 —12114
9 — 58564

10 i — 289492

11 —1456250

12 —7429744

13 —38351694

14 —199923012

15 —1050954170

16 —5564 833874

17 —29652974374

18 — 158892840932

19 —855634 778490

20 —4627987878204

21 —25131711114954

22 — 136965861744 802

23 —748893788229110

24 —4106971889282184

The behaviour of K,}‘ in the neighbourhood of the physicél singularity p, may be obtained
directly from the closed-form (10.17). We find that

kh = 3325) (54 3v/5) [1— (0 /o)) Ao (0) — (B) B+ VOIL(p),  (10.23)
where the functions f;(p’) and f,(p’) are analytic at p” = p, with Taylor series representations
Jo(p') = 1—(1/48) (1+5v/5) [1— (p'/p;)1 + (1/2304) (—3455+1531+/5) [1— (p'/p,)]*
+ (1/27648) (9793 —4256+/5) [1— (p’/p.)]? |
—(1/5308416) (8987195—4010265+/5) [1— (0 /p)1*+..., (10.24)
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ON THE HARD-HEXAGON MODEL 687
and
A0 = 1+2(31—13v/5) [1 - (p'/pl)] — & (16—5v/5) [L — (5'/ P}
+35 (= 1045v/5) [1 = (0/p))]" — s (85— 16v/5) [1— (¢'/pl)] ... (10.26)
The corresponding result for the reciprocal compressibility 1/«% is given by
1/x% = 3:§) (—5+3v/5) [1 = (p'/pe) Piea(p') +5(5—2v/5) [1— (p'/pl)] &1 (), (10.26)
where the functions g,(p’) and g,(p’) have Taylor series representations
&(p") = 1+(1/48) (97—27+/5)[1—(p'/p.)]
+(1/2304) (36029 —15281+/5) [1 —(p"/p.)]?
+ (1/27 648) (2638075—1170048+/5) [1— (p'/p)]®
+(1/5308416) (3572 307101 —1595701679+/5) [1— (p'/p)]* +..., (10.27)
and
+3(10—3+/5) [1—(p'/po)]
+15 (871 —157+/5) [1— (p'/p)]?
+31(7383—3275+/5) [1— (p/p.)]*
+155(151595—677154/5) [1— (o' /p.)1* + (10.28)

&) =1

An asymptotic representation for the coefficients ¥, in the expansion (10.21) can be derived
by applying the Darboux theorem (see Ninham 1963) to the singular part of (10.26). The final
result is

W, ~ —(25/4) (3/m)tnH(p})* "[1+ (1/82) (—87+27+/5)n"
+(5/3072) (29729 —13013+/5) n~ 2+ (35/73728) (— 17446184 782247+/5) n~
+(7/3145728) (11940214297 — 5338544 0354/5) n™* +.. ], (10.29)

as n—> 0.

(¢) Reduced grand potential I, (p)

It is readily seen from equations (8.3) and (9.1) that the reduced grand potential I, can be
written in the form

L) = f[x: (o)1 dp+C,, (10.30)

where C, is a constant of integration; We shall use this result and the properties of 1/«% to
investigate the behaviour of I, in the p-plane.
We begin by substituting the series (10.21) in the formula (10.30). In this manner we obtain
the high-density expansion
3L,(p) = —Inp' = 3 (Wa/n) (6", (10.31)
f ‘
where p’ = 1—38p, and 0 < |p’| < p;. The coefficients W, in this result satisfy the recurrence
relation (10.22) and have an asymptotic representation, which is given in (10.29). The
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behaviour of I, in the neighbourhood of the physical singularity p” = p, may be derived by
integrating (10.26). We find that

L(p) = L(pe) +37(3) (T—3v/5) [1— (0 /) Tk (p') + () (Bv/5—11) [1— (0 /) 1Ay (),
(10.32)

where the functions %,(p’) and 4,(p’) are analytic at p’ = p., with ky(p.) = h,(p.) = 1. Taylor
series for Ay(p’) and k (p’) about p’ = p, can eas1ly be obtained by using (10.27) and
(10.28).

To establish an explicit formula for I', (p) we substitute the closed-form expression (10.16)
in (10.30). This procedure gives ’

I(p) = —5(Li+1,) +Cy, ‘ (10.33)
_ [(A+2p)[1-8p"—5(p")] . ,
I = -~ dp’, 10.34
where ) varn e et .
L= f [/ (14p) @+p)17 [1 =5 —5(p")*] dp, (10.35)
Q) =[1—p —(p")*1[1—8p"=5(p")?, (10.36)

p =1-3p,and C, is a constant of integration. The indefinite integral I, is an elementary
function given by

L=3In[p’(1+p)*(2+p")7"), (10.37)

whereas I, is a non-trivial elliptic integral (Hancock 1958).
By following a standard general method (Hancock 1958, ch. 8) it is possible to express I, as
a linear combination of an elementary integral and standard Legendre elliptic integrals of the
first and third kinds. However, for our particular elliptic integral I, this procedure is not very
useful because we know from earlier discussions that it must be possible to write the reduced
grand potential I’ (p) as the logarithm of an algebraic function £, (p)! In fact, by applying a
sequence of straightforward transformations to the integrand in (10.34) we eventually obtain
the explicit formula
Ii(p) =InE,(p), (10.38)

where

1

[

(p) = (L) 2 4) “[<1+2p «/Q(p')}{[f.—u’—v(p')*]—wcz(p')}‘
' 50 La+20)+ vV I B=70=T(0)1+3vQ(p)

x{[l 49’ —3(p")* +2(p')*+ (p) "1+ [1 —p'— ')ﬂVQ(p’)}
)

(

(

)1V Qyp

(=47 =3(0) +2(0)+ ()= [1—p —
1420') VQ(p

5 {[41—41p —51(p")*—20(p")° — 10(p')*] +9 ')}
[41—41p"—51(p")*—20(p")*—10(p")*1—9(142p") v Q(p")} °’ (10.39)

e ,\,\

p’ =1—38p, and the polynomial Q(p’) is defined in (10.36). A comparison of this result with
the expression for I, (p) in terms of Legendre elliptic integrals leads to the apparently new
relation

9F(@,)—811 (¢4, =%In [(25_85in2¢—8in‘¢)+2sintp cosq0(25—98in2¢)%] (10.40)
R e (25—8 sin"p—sin'g) —2 sing cosp(25—9 sin*p):)”
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where ‘
F(p, k) = Jv (1—K® sin® )"t dy, (10.41)
(1}
and Il (p,n, k) = J\U(l —nsin®y) (1 — A2 sin® ) Hdyr (10.42)
0

are Legendre elliptic integrals of the first and third kinds respectively.‘ If a general elliptic
integral of the type (10.34) is to be expressible as the logarithm of an algebraic function then
it is clear that the various polynomials in the integrand must satisfy special restrictive
conditions. It is interesting to note that these conditions were investigated in great detail many
years ago in a series of papers by Abel (1839) and Liouville (1833).

The basic result (10.39) can also be written in the simplified form

ELp) =277-57(p) (1 —p ) [(14+20") — v QP H[5— TP —T(p")*] =3V Q(p)}*
x{[1—4p"=3(p")*+2(0")+ ()1 +[1—p"— (")*1 V Q(p")}
x{[41—41p'—51(p")*—20(p")* —10(p") ] +9(1+2p") v Q(p")}", (10.43)

where p’ = 1—38p, and 0 < p’ < p,. A further simplification can be achieved by multlplymg
out all the terms in (10.43). In this manner, we finally obtain

E4(p) = 271-55(p") HS(p") + [1— 50’ —5(0)*] T(') v/ Q) (10.44)

where S(p) = g S,.(p)", (10.45)
n=0 '

T(p') =2 T,(p)" (10.46)

p’=1-3p and 0 < p’ < p;. The polynomial @(p’) is defined in (10.36), and the polynomial
coefficients S, and 7,, are listed in table 8.
From (10.44) and the identity

S p )= [1=p" = (p")*1[1=5p"=5(p") P T?(p") = 2°-5°(p")*(1+p")*(2+p")"%, (10.47)

TABLE 8. POLYNOMIAL COEFFICIENTS S,, 7, AND Z, IN EQUATIONs (10.45), (10.46) AND
(10.50) RESPECTIVELY

n s, T, z,
0 3125 3125 625
1 25000 50000 3750
2 368394 228481 11250
3 1648220 510878 153572
4 25977756 656219 617949
5 —1194660 510592 756432
6 —11001870 238586 —7433%4
7 —19426812 61760 —3366162
8 —18739575 6820 —4563027
9 —11120900 — —3359230

10 —4063750 — —1440240

11 — 843000 — —339300

12 —76250 — —34100
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we readily see that =, (p) is a solution of the 12th-degree algebraic equation
5%(p') R —S(p') B3+ (14p))4(24+p)) 1 = 0, (10.48)
where p’ = 1—3p. More generally, equation (10.48) specifies an algebraic function Z¢(p),

which consists of two single-valued branches defined in a cut p-plane. The physical branch
(10.44) has (in the finite p-plane) a pole of order two at p = , four branch-points at

p=5(61V5),331V5), (10.49)
and apparently no zeros.

If the term involving the branch-point singularities in (10.44) is ellmmated by using the
formula (10.16) we obtain the relation

p[1—p'—(p")*1[1=58p"—5(p")*] T(p) [k] 7 +2(1+2p") (1 +p')*(2+p)V"[E,]°

=53 Z,(0)", (10.50)

n=0

where k% is the reduced isothermal compressibility, and thc coefficients Z, are defined in
table 8. Because
(k3] = -2 [£,]°d(E%)/dp, (10.51)
itis clear that (10.50) is essentially a first-order linear differential equation for £%. A differential
equation of this type would of course be expected on general grounds from the algebraic
equation (10.48).

Finally, it follows from (10.44) that £%(p) can be expanded in the form

E2(p) = (p)? T XP(p")", (10.52)
n=0

where p is any real number and p’ = 1—3p. The Taylor series in (10.52) has a radius of

convergence equal to p,, where p, ={5(—5+34/5). We can generate the values of the
coefficients X' using the recurrence relatlon

3XP +p S W, XP, =0, (10.53)
k=1

where n> 1, X’ =1 and the coefficients W, satisfy the further relation (10.22). When
p <—0.375 the initial coefficients X, n =0, 1,2,..., alternate in sign before eventually all
becoming negative. In particular, for p = —12 we ﬁnd that X alternates in sign for n < 13
with X¥ < 0 for all n > 13.

(d) Order-parameter R(p)

It is now possible to establish a closed-form expression for the order-parameter R(p) by using
the basic relation (7.8) and (10.3) and (10.44). After a considerable amount of tedious algebra
we find that

R(p) = 22-57%(1—p")*[1 —5p'—5(p") "}t
x {[14+8p'—=3(p")2—22(p")*— 11(p")*]+ [1—p'— (p") *P[1 — 5p' — 5(p") ]} 2
x {[1—p’ = (p')*]H[89+228p" +195(p")* + 55(p')]
—[1—8p"—5(p")*]}[39+ 106p" +91(p")*+25(p") ]}
X {S(p') +[1—p"— (") 11— 5p’ = 5(p") 1 T(p")}, (10.54)
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where p’ = 1—3p and 0 < p’ < p,. It follows from this result that R*(p) is a solution of a
quadratic algebraic equation of the type (10.4). The high-density series for R(p) in powers of
p’ can be obtained either by direct expansion of formula (10.54), or by substituting the series
(10.8) in equation (3.32).

We have now completed our analysis of the hard-hexagon model in the p-plane. Perhaps the
most surprising feature of the results is that the closed-form expressions for z'(p), k1 (p), &5 (p)
and R°(p) could all have been derived, at least in principle, by analysing the appropriate
high-density series using the quadratic Padé approximant method (Shafer 1974) or the
inhomogeneous differential approximant method (Fisher & Au-Yang 1979; Hunter & Baker
1979; Rehr ¢t al. 1980).

11. GRAND PARTITION FUNCTION FOR 0<2z< z,

When the activity z lies in the range 0 < z < z_ it can be shown (Baxter 1980) that for a large
lattice the grand partition function per site £ of the hard-hexagon model has the parametric
representation

- _ © (1 _xsn-4) (1 _xsn—a)z(l _x6n~2) (1 _x5n—4)2(1 _x5n~1)2(1 _xsn)2
"‘(x) - El (l_xﬁn-S) (l_xen-—l) (1 _xsn)2(l_x5n-3)3(1_x5n-2)3 ’ (111)
_ © (1_x5n—4)5(1_x5n—1)5
z(x) - _xgl (l_xﬁn—‘3)5(1 _x5n-2)5’ (11.2)

where —1 < x < 0. The elimination of the parameter x from these equations gives the grand
partition function £ as a function of z. We shall denote this explicit function by Z_(z).

Our main purpose in this section is to show that the results derived for z > z, can be used
to investigate the properties of the function £_(z).

(a) Hauptmodul expression for E(x)
We begin by applying the following product identities:

,f[l (1—x%"%) (1—x*""2) = ,ﬁl (1—2") (1 =21, (11.3)

nfi (1—x%%) = §1(1—xsn)(1—x6")-1, (11.4)

f[l (1= 295) (1 —x87Y) = nf:il (1—2%") (1 =27 (1 —x") (1 —2*")7, (11.5)
ﬁl (1—27%) (1—5"2) = nfi (1—x") (1=x*") 11— (1 —%""N)F, (11.6)

to the formula (11.1). In this manner, we obtain the alternative expression

- _ © (l_xzn)4(1_x3n)12(1_xn)6(l_xbn)s(l_xsn—4)5(1_xﬁn-1)5
nd (x) - H (l_xn)4(1_x6n)12(1_xan)s(l_xn)ﬁ(l_xsn—a)ﬁ(l_xSn—z)s .

n=1

(11.7)
If we now let x = exp (2mir), then we can use equation (11.2) and the hauptmodul
definitions (2.11), (2.12) and (2.13) to write equation (11.7) in the form

212 = (212-3%/5%) 2wy (1) [} (37)] [0 (1) /3 (7)]. (11.8)
59 Vol. 325. A
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692 G.S.JOYCE
To obtain values of x in the physical range —1 < x < 0 it is clear that we must have
T=1+7%, (11.9)

where Re (7*) = 0 and Im (7*) > 0.
The elimination of the hauptmoduls w,(7) and w,(7) from (11.8) can be achieved by using
equations (3.4) and (2.19) respectively. This procedure gives

B2 = 21228(1 4+ 112—2%) 2R (—2) [w,(7) /03 (37)], (11.10)

where 0 < z < z.. It should be carefully noted that the function R(—z) in this result is the
order-parameter R(z’) of the hard-hexagon model with the variable 2’ formally replaced by
— z. A striking feature of (11.10) is that the physical behaviour of Z for 0 < z < z, involves the
non-physical behaviour of the order-parameter R(z’) for —z, <z’ < 0 (see §65). We can also
use equation (7.8) to write equation (11.10) in the form

B = (22) 51 (—2) [0y(r) [w}(37)], (11.11)

where £, (2’) is the grand partition function per site for the ordered phase.

(b) Hermite modular equation
To establish an explicit formula for £_(z) we introduce the modular functions
U,(m*) = [k(nm*) K (nt%)]}, (n=1,2,3,...), (11.12)

where k(7*) is the standard elliptic modular function and £'(7*) is the complementary modular
function. It follows from equation (6.25) that we can write

wy(1) = —4U3(7%), (11.13)

0y(37) = —4US(1%), (11.14)

where 7 = 1 +37*. Hermite (1908) has shown that the modular functions U, (1*) and U, (7*)
are related by an algebraic modular equation. For the particular case n = 3 one finds that

Us+4U3 Ui —2U, U, + U = 0. (11.15)

(It should be noted that there is an incorrect sign in Hermite’s result.)
Next we apply the transformations

U, = Ui/y, (11.16)

and  y=—§9Y+1), (11.17)
to the Hermite equation (11.15). In this manner, we obtain the rational relation

(Y+1)(9Y+1)3/64Y = 4US. (11.18)

This formula has exactly the same formal structure as the basic modular equation (2.14), which
relates the function wy(7) to the basic modular invariant J(7)! It follows, therefore, that we can
use the results in §5 to determine the properties of the algebraic function ¥ = ¥(U,). For
example, we find from (5.13) that the required physical branch of ¥ = Y(U,) can be written as

Y=—-[LAG 15 40D (11.19)
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If we express this result in terms of w,(7) and w,(37) we obtain
wa(7)/0y(37) = 2V [— 3+ 5. F1(1, — 153 §; —wa())1%. (11.20)

(¢) Closed-form expressions for E_(z)

A closed-form expression for £_(z) can now be derived by eliminating w,(37) from (11.10)
and (11.20), and applying (6.24). We find that

E_(2) = (—64z/wp) (1 + 12— 2 #R¥(—2) [—§+8,Fi(}, — & 5 —w)]%,  (11.21)
where w, = =3+ 31 = NI 1P =2A[ (1 - Di+1]3, (11.22)
J = —(12)73Q%(—2) /225 (—2), (11.23)

and 0 < z < —6,(—). The symbol X¥ in (11.22) denotes sgn (X)|X]. We can extend the range
of validity of this result by applying the quadratic transformation formula (6.6) to the K
function in (11.21). In this manner we obtain the basic hypergeometric representation

E_(2) = (—64z/w)h(1+ 12— 2 F G5 4 )17 3 +8.F1G, — 5 § £)1% (11.24)
where B o=1+i(1+o,)h (11.25)

[x

and 0 < z < z,. The upper and lower signs in these equations are valid for —6,(—) <z < z,
and 0 < z < —@,(—) respectively, where 6,(—) is defined in equation (6.12).

It is also possible to derive an algebraic closed-form expression for Z_(z) by applying
equations (5.16) and (6.10) to the formula (11.21). This procedure gives

E_(z) = 4713 (14 112—2%) o,
X {+1F (1= o) + [(2+ logl!) +2(1 + |yl + w15}

2. 1.1

X{=1F (1= o+ [(2+ |l +2(1 + |+ oyl TH?
x {+ (1=J)+[(2+ %) +2(1+ S+ B, (11.26)

where w, = w,(J) and J = J(z) are defined in (11.22) and (11.23) respectively, and
Ji =sgn (J)|JB. The upper and lower signs in (11.26) are valid for —8,(—) <z <z,
and 0 < z < —0,(—) respectively.

Metcalf & Yang (1978) estimated the numerical value of InZ_(z) for z=1 to be

InZ_(1) ~0.3333.... (11.27)

On the basis of this result they conjectured that the exact value of InE_(1) might be
However, Baxter & Tsang (1980) used the corner transfer matrix method to obtain the more

accurate estimate _
InZ_(1) ~ 0.333242721976, (11.28)

which contradicts the conjecture of Metcalf & Yang. If we evaluate the closed-form expression
(11.26) for z = 1 we find that

InZ_(1) ~ 0.333242721976 181887853748, (11.29)

where Z_(1) is an algebraic number. This clearly provides a good check on the accuracy of the

result (11.26).
59-2
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We can also derive from equation (11.21) a closed-form expression for Z_(z) that is valid in
the non-physical interval —1/z, < z < 0. The final result is

E_(2) = 473 (= 2)H(1+ 11z —2*) oyt
x{+1+(1 +w§)%+ [(2—w§) +2(1_w§+w§)§]g}z
x (= 1+ (1+ o+ [2—ob +2(1—ob+abie

X {& (S—1)i+[— (2+T5) +2(1+ T3+ T, (11.30)
“where . w, = —143Jt (cos A+ +/3 sin 4), (11.31)
A =1Larccos (JF), (0<A<tin) (11.32)

and J = J(z) is defined in (11.23). The upper and lower signs in (11.30) and (11.31) are valid
for —1/z,<z<—04(+) and —6,(+) <z <O respectively, where 6,(+) is defined in
(6.3). ‘

Our aim in this section has been to establish links between the mathematical properties of
the ordered phase z > z,, and the grand partition function Z_(z) for 0 < z < z,. We shall not
attempt in this paper to investigate the detailed behaviour of Z_(z) in the neighbourhood of
the singular points z, and —1/z,. '

12. MEAN DENSITY FOR 0 <z <z,

Baxter (1981) has shown that the mean density of the hard-hexagon model
p(z) = z(d/dz) InE_(z2), (12.1)
for 0 < z < z,, has the parametric representation
p(1) = —xG(x) H(x")/[H(x) G(x*) —xG(x) H(x°)], (12.2)

where x = exp (27i7), and the functions G(x) and H(x) are defined in equations (8.31) and
(8.32) respectively. This result can be simplified by using the identity

H(x) G(x®) —xG(x) H(x®) = P(x)/P(x"), (12.3)

where ‘ P(x) =TI (1—x2m1y, (12.4)
. n=1

The relation (12.3) was stated by Ramanujan (see Birch 1975) and proved by Rogers (1921).
Hence we obtain (Baxter 1981)

p(1) = —xG(x) H(x®) P(x*)/ P(x). (12.5)

The elimination of the parameter x from (11.2) and (12.5) gives the mean density as a
function of the activity z. In the next sub-section we shall use the theory of modular functions
to prove explicitly that p(z) is an algebraic function.
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(@) Klein—Fricke modular equation

The application of (2.17), (8.31) and (8.32) to the formula (12.2) enables one to write p(7)
in the hauptmodul form

Py = p(T) = —(67)/L(7), (12.6)

where  pe(n) =p(n)/[1—p(1)]. (12.7)
From the discussion in §8¢ we know that the functions {(7) and {(67) are connected by an
algebraic modular equation. The detailed structure of this modular equation can be
determined from the work of Klein & Fricke (1892, pp. 137-139 and pp. 150, 151). We find
that

187[428) £5(81+ &) — 42(§1+€.; + (81 + &) + 368, L (&1 + &3) +22581 G(81+ &85)
+4008] £51° — 882(L,— §1)2{374( 1°6:°+1)—66(L1 & —1) [21(E +68)
+1758, L (81 + £8) + 45081 L (8 + L)1+ (61° + &) + 1008, & (G + &6)
+ 20258385+ £8) + 144008 G(E1+ &3) +44 10083 &5 (G + &) + 6350485 &3}
+1936(L— &) [4288 L (&1 + &) —42(8,+ &) + (G + £8) + 368, &6 (61 + &)
+ 22583 (83 4+ &3) + 40083 C’] 1241(L,— &) =0, (12.8)

where & = {(7) and § = {(67). -
If we make the substitutions s = —{, py and {} = —z in the modular equation (12. 8) we
obtain, after a good deal of tedious algebra, the simplified result

Slpx:2) = i 28 +p%(pe— 1) (p% —5p% +4p% +9p% +4ps —5py +1) 2°
+p% (P —5p% + 36p% —59p% +36p% —5p, +1) 2°
+(pe—1) (P%—5p% +4p% +9p% +40% —Bpy+1) z+py = 0. (12.9)

The application of (12.7) to this symmetric relation yields the followmg algebraic equation for
the physical density function p(z):

fp,2) = p(p—1) 24— p*(22p" — TTp® + 165p° — 220p* + 165p° — 66p> +13p—1) 2°
+p%(p—1)2(119p® —476p7 + 689p° —401p° — 6p* + 1250 — 63p2 + 13p—1) 2
+(p—1)3(22p" — T7p® + 165p° — 220p* + 165p° — 66p> + 13p— 1) z+ p(p— 1) = 0.

(12.10)
(b)k Properties of the density p(z)
The resultant polynomial in z for the algebraic equation (12.10) is found to be ‘
Res (f,9f/0p; p) = —28-3°2%2(1 + 112 —2%)%, ‘ (12.11)

We see, therefore, that the algebraic function p(z) has singular points in the finite z-plane at
2=0, z, and —1/z,. The physical branch of p(z) is analytic at z =0 with a Taylor series
representation - ,
p(z) =X a7, (12.12)

=1
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TABLE 9. COEFFICIENTS ¢, IN THE EXPANSION (12.12)

l a
1 1
2 -1
3 58
4 —519
5 4856
6 —46780
7 460027
8 —4593647
9 46416730
10 —473464492
11 4866762231
12 —50346419064
13 523649493732
14 —5471647249551
15 57402510799673
16 : —604310726 045647
17 6381555113227479
18 —67574053536268 390
19 717290150798 554 823
20 —17630701056 990502 264
21 81338708529194 437456
22 —868589337931760155091
23 9200681683345015297 892
24 —99526016232070896417 512

where |z| < 1/z,. A list of the coefficients g, is given in table 9 for I < 24. It follows from (12.12)
that we can expand the reduced grand potential in the form

paJky T=T.(2) =InE_(z) = 5 b, 2, (12.13)

I=1

where b, =a,/l (12.14)

is the lattice gas analogue of the Mayer cluster integral.

The critical behaviour of the mean density p(z) can be established directly from the algebraic
equation (12.10) by deriving the appropriate Puiseux expansion about the singular point
z = z,. In this manner we obtain '

p(2) = & (6—+/8)—(1/v5) &+ (1/v/5)t—%(25+4v/5) &
+5(25+4/5) —(1/4/5) £— 2 (125+108+/5) 4% (25+83+/5) £
— & (175+13+/5) 5 — 2 (167754 46214/5) {2+ O(1%), (12.15)
where t=57[1—(z/z,)], (12.16)
and ¢ 2 0. The corresponding .expansion for I (z) is
I(2) = InE_(z) —3(v/5—1) t+38—3(27—5+/5) £+ (1+5v/5) £
8(—62+4704/5) £ +37+1(7845+/5) ¥ —5 (3583 —6154/5) £*
+3(1454/5) 15+ 5 (2428 +5995+/5) £2 + O (1), (12.17)
where E_(z,) = (272,4/5/125)k. (12.18)
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Finally we note that it is possible, at least in principle, to derive closed-form expressions for
p(z) by differentiating equations (11.24) and (11.26).

(¢) Inverse function z = z(p)

We shall now use the basic algebraic equation (12.10) to investigate the properties of the
inverse function z = z(p) in the p-plane. It is found that the resultant polynomial in p for
(12.10) is given by

Res (f,8f/0z; z) = —p**(1—p)** (1 —p+p*)*(1 =Bp+5p*)“Fi(p), (12.19)
where P,(p) = 1—10p + 33p% — 36p® + 18p* — T0p° + 140p° — 100p7 + 25p°. (12.20)

We see, therefore, that the inverse algebraic function z = z(p) has singular points in the finite
p-plane at

p =0,1, exp (L3ir), p, () P:", P (12.21)

where p, denotes the zeros of the polynomial Fy(p).
The exact values of the zeros p, can be determined by first applying the transformation

P =px/(1+py) (12.22)
to the polynomial (12.20). This procedure yields the symmetric reciprocal equation
1—-2p,—9p% +8p% +53p% +8p5% — 9p% — 2p% + p§ = 0, (12.23)
which can be reduced to the quartic equation
78+ 14y—13y*—24°+4* =0 (12.24)
by introducing the further transformation
y=petpy (12.25)

After solving the quartic equation (12.24) in the standard manner we find that the final
expressions for the zeros p; are

pt = 1—£V10[(4v/10—5v/5—41/2+ 1)} +i(41/10—5v/5+4v/2—T)}],
pf=é—%\/'10[(4\/10+5\/5+4\/2+7)* +i(4v/10+5v/5—44/2—T)H], (12.260)
pt =14+ 4v/10[(44/10—5+/5—44/2+ T +i(44/10—5v/5+41/2—T)}],
pt =1+ 20/10[(41/10+5+/5+4v/2+ T +i(44/10+5+/5—4v/2— 7).

The positions of the 14 singular points in the finite p-plane are shown in figure 2. We see from
this diagram that all the singular points have a symmetric distribution about p = . It follows,
therefore, that the polynomial (12.20) could also have been reduced to a quartic form by
applying the transformation ' ’

p=11+p). (12.27)
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Ficure 2. Singularity structure of the algebraic function z = z(p) in the p-plane, and the circle of convergence
lpl = p, for the series (12.29). The singular points marked by the symbol @ occur on the physical branch of z(p),
whereas the singular points denoted by the symbol o only occur on the non-physical branches.

We can establish algebraic closed-form expressions for the four branches of the function
z=z(p) by solving the symmetric quartic equation (12.9). For the physical branch we
obtain

4p%(1—p) z(p) = (1—2p) (1 —11p+44p®—T17p>+ 66p* —33p° + 11p%)

+(1—p+p?)i(1—5p+5p*)i— (1—5p+5p*) [2(1—16p
+106p% —378p% + 803p* — 1080p° + 962p° — 576p"
+219p°% —50p° + 10p'°) +2(1—2p) (1 —11p +44p*

—T77p3 4 66p* —33p° + 11p®) (1 —p + p2)i(1 — 5p + 5p?) i), (12.28)
Similar results for the non-physical branches can be written down from (12.28) by changing
the signs of the various square roots. A considerable simplification of the formula (12.28) can
be achieved by using the transformation (12.27).

The four branches of the algebraic function z = z(p) do not all have the same singularity
structure in the p-plane. However, one finds that at least one of the branches of z = z(p) is non-
analytic at each of the singular points (12.21). Thus, the function z = z(p) has no apparent
singular points in the finite p-plane. The physical branch (12.28) is non-analytic at the singular
points p,, (}) p3*, exp (1), pi, p¥, and analytic at the remaining singular points 0, 1, pf, pi.
It follows, therefore, that the physical branch has a Taylor series representation about p =0
of the type

z=2z(p) = Zqp', lpl<p; (12.29)
=1
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where p, denotes the radius of convergence of the series. The closest singularities to the origin
p =0 are at p = pF, where p§ are defined in (12.26). We see, therefore, that the radius of
convergence p, is given by

pr = lpEl = HV5[(4v/10—5+4/545) —/10(44/10—5+/5—4/2+ DI, (12.30)

where p, & 0.2414560 is less than p, &~ 0.276393 2.

The asymptotic behaviour of the coefficient ¢, as /> 00 is determined by the singular
behaviour of (12.28) in the neighbourhood of the two complex singularities p and, as a result,
one would expect the coefficients ¢, to exhibit an interesting periodic variation in sign.

Confirmation of this analysis can be obtained by inspecting the exact values of ¢;, which are
listed in table 10 for / < 24.

TaBLE 10. COEFFICIENTS ¢, IN THE EXPANSION (12.29)

-~

G

1 1
2 7
3 40
4 204
5 966
6 4332
7 18593
8 76805
9 306 101

10 1176929

11 4354322

12 ' 15409712

13 | 51566857

14 159476161

15 432427213

16 868329043

17 11520061

18 —13297007747

19 —102350921811

20 — 581153060583

21 — 2883976266915

22 — 13172644 850333

23 —56578139817485

24 —230665040819003

(d) Virial éxpansion Jor I'_(p)

The results obtained for the inverse function z = z(p) will now be used to investigate the
virial expansion for I’ (p). We first introduce the generating function

~Inl(p)/p) = S A 1ol <p, | (12.31)

where z(p) denotes the physical branch (12.28) of the algebraic function z = z(p), and the
coefficients §, are the lattice gas analogues of the Mayer irreducible cluster integrals. A list of
the integer coeflicients I8, is given in table 11 for < 24.
The required virial expansion is now readily derived from (12.1) and (12.31). We find
that = S A Do © _—
Cpa/ks T=TI_(p)=InE_(p) = T B,p', lpl<p, (12.32)

=1
where B,=—[(-1)/0p_, (=2) (12.33)
60 Vol. 325. A
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TaBLE 11. COEFFICIENTS f; IN THE EXPANSION (12.31)

l g,
1 -7
2 =31
3 —115
4 —-391
5 —1237
6 —-3529
7 —8155
8 —8311
9 62543
10 612809
11 3759551
12 19472387
13 91607873
14 402535529
15 1671753125
16 6585730265
17 24544637087
18 85671502739
19 273505952615
20 753160139729
21 1456884 883535
22 —860351408035
23 —30699547973425
24 —228155349143341

with B, = 1, and the radius of convergence p, is defined in (12.30). The asymptotic behaviour
~ of the virial coefficient B, has been determined by analysing the generating function (12.31)
in the neighbourhood of the dominant branch-point singularities p&. To leading-order the final

result is .
B, ~ A,173p;" cos (16,— @), (12.34)

as [—-> 00, where
A, ~ 0.889355,

6, ~ 0.149118(in), (12.35)
¢, ~ 0.408936(Ln).

This formula gives a reasonably good approximation for B, provided that the integer / is not
close to one of the values [(n+3)T+@,]/6, where n=0,1,2,.... Gaunt & Joyce (1980)
have already discussed the significance and importance of the hard-hexagon model series

(12.32) in a more general context. The exact values of B, for / < 24 are also included in this
work.

Finally we note that the equation of state can be written in the integral form

pao/ky T'=1I"(p) = L(p) +c5 (12.36)

where Li(p) = IP[Z'(P)/ z(p)]dp, (12.37)

z(p) denotes the physical branch (12.28) of the algebraic function z = z(p), and ¢, is a constant
of integration. If the algebraic relation (12.10) is differentiated with respect to p we see that
the integrand in (12.37) can be expressed as a rational function of p and z. Hence I;(p) is an
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abelian integral (see Bliss 1966, p 93). It is also clear that J;(p) must be an elementary integral
of a purely logarithmic type (Davenport 1981), because we know from our previous work that
I’ (p) is the logarithm of an algebraic function.

The direct evaluation of the integral I;(p) appears to be a difficult problem. It is fortunate,
therefore, that a closed-form expression for I (p) can be readily obtained by solving the implicit
form of the equation of state given by Richey & Tracy (1987).

13. CONCLUDING REMARKS

In this paper we have seen that the theory of modular functions, hauptmoduls and modular
equations developed by Klein & Fricke plays an important role in the mathematical analysis
of the hard-hexagon model. Because many exact solutions in lattice statistics (Baxter 1982)
have a similar structure to that of the hard-hexagon model it is reasonable to expect that the
Klein & Fricke theory will also give a systematic procedure for investigating and classifying
other solvable models. ‘

Evidence for the validity of this conjecture is provided by the exact solution of the Ising
model with pure triplet interactions on the triangular lattice (Baxter & Wu 1973, 1974 ; Baxter
1974). For this model it can be shown from the work of the present author (Joyce 19754, )
that the free energy per spin F can be written in the form

4F/ky T = —In (46%) +In[— 0@ ()], (13.1)
where o (J) = (64) [ A (%15 55 I D% (13.2)
=—(1—6%)4/[166%(1 +6%?], (13.3)

6 = sinh K,

with 0 <6 <00 and —oo < J 0. If this result is compared with (8.6) we see that the
underlying mathematical structure of the free energy F is basically the same as that of the
reduced potential I, (z’) for the hard-hexagon model.

I am extremely grateful to Professor R. J. Baxter, Professor D.S. Gaunt and Dr W. J.
Harvey for their continued interest and encouragement in this work. I also thank Professor
J. H. Davenport, Dr J. L. Martin and Dr M. Punjani for expert assistance and advice on
. various aspects of computer algebra. Finally, I thank Dr R. Pinch and one of the referees for
their helpful comments on the paper.
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